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Abstract

Applying a combinatorial lemma a new sufficient condition for the indecomposability
of integer polynomials is established.
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1. Introduction

In [3], BILU and TICHY proved an explicit finiteness criterium for the
polynomial Diophantine equation f(x) = g(y). Their result generalizes
a previous one due to SCHINZEL [8, Theorem 8], who gave a finiteness
criterium under the assumption (deg f,deg g) = 1, see also [9]. These
criteria are closely connected with decomposability properties of the
polynomials f and g. A polynomial f € C[x] is called indecomposable
(over C) if f = go h, g,h € Clx] implies degg = 1 or degh = 1. Two
decompositions of f, say f = g1 o hy and f = g, o hy are equivalent if
there exists a linear function L such that go = g oL, hy =L ' o h
(see [8, pp. 14-15]).

* Dedicated to W. G. NOWAK on the occasion of his 50th birthday.
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The criterium of BILU and TICHY has been already applied to sev-
eral Diophantine equations of the form f,(x) = g, (y), where (f,) and
(gn) are sequences of classical polynomials (see [1, 2, 5, 7, 10-12]).
In these results, the indecomposability of corresponding polynomials
was usually proved using some analytical properties of these poly-
nomials. In particular, in [5], the equation F,(x) = F,(y) was con-
sidered, where (F),) is the sequence of Fibonacci polynomials defined
by Fo(x) =0, Fi(x) =1, F,1 = xF,(x) + F,—; for n > 1. It was
proved that F), is indecomposable for even n, while for n odd there is
only one (up to equivalence) decomposition of F,. In [4], general
criteria for indecomposability of polynomials were obtained in terms
of the degree and two leading coefficients. In particular, the above-
mentioned result from [5] now follows from the fact that F,(x) =
4 (n—=2)x"2+ - and ged(n — 1,n —2) = 1.

In this paper, we will show that from these assumptions on the degree
and on the leading coefficients it is possible to obtain much stronger
conclusions related to the indecomposability of the polynomial.

2. Results
Lemma 1. Let [ > 2. Denote by Y the set of all I-tuples
a = (ay,qy,...,q) of nonnegative integers satisfying
o l4+a- 24 4+a-l=1, I<aj+ay+---+o <m

(2.1)
Then

Z (m—1)! I -1
1 ' I ' 1 ' «; =m :
oy (m— Zi:l ;) Hi:l Q- - Hi:l(l')

Proof. Let us denote by S(/, ) the Stirling number of the second kind,
i.e. the number of ways to partition a set of / elements into j nonempty
subsets. If we denote by «; the number of subsets with i elements, we
immediately obtain the following formula:

! .
2 e S 22)

ayetar=j

It is well known (see e.g. [6, Sect. 6.1]) that the Stirling numbers
satisfy the recurrence
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and the summation formula
I

D xx—1)x—2)-- (x—j+ 1)S(Lj) =¥\ (2.3)

J=0

Note that if x = m, where m is a nonnegative integer, then the terms
with j>m in (2.3) vanish. Also, S(/,j) = 0 for j > 1. Therefore, we have

= m!
—S(L,j) = m'. (2.4)
J; (m —j)!

Applying formulas (2.2) and (2 4), we obtain
(m—1)! (m — I-1
I L = Z )=m"

acy(m=>"_ a)! T[ioy el Hz 1 1:1
|

Theorem 1. Let f(x) = x" + a,_1xX" ' + -+ +ay € Z[x] and h(x) =
¥+ x4 g e Clx), k > 2. Assume that

F00) = (h(x)" + b (h(x))""" + H(x), (2.5)
with b€ C, H(x) €C[x] and degH(x) <n—k —2. Then a1 =0
(mod m).

Proof. Denote a := a,_. By comparison of the coefficients, we find that
mecy—1 = a, (2.6)
(21) ¢, +mey2€Z. (2.7)
From (2.6) and (2.7), it follows that
(m—1)a* +2!-m*c;_remZ
and
21 mPer, = a® (modm).
We claim that
I'me_;=d (modm)  for 1=1,2,....k—1. (2.8)
Consider the following system of equations
ag-k+ap-(k—1)4+---=mk—1,
apg+ap+ - =m, (2.9)
o, €7, a; > 0.
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Let X denote the set of all solutions of the system (2.9). Then the
coefficient with X"~/ on the right-hand side of (2.5) is equal to

m!
Z T e Ck 1y
(Oz()(ll )EX

The solutions of system (2.9) correspond to the solutions of system
(2.1) from Lemma 1. Now we have that

I
nm: « v (0%
( E : 7 = ,Ckllckiz"'ckiz + mcy—y
(aysc)) €Y (m =D in ai)- [Tiy !

-----

(al,...,(yl);é(o,...,o,l)

(2.10)

is an integer. If (aq,...,qq) # (0,...,0,1), then oy = 0 and, by in-
duction hypothesis, the summands in (2.10) have the form

(m—1)! a'+mT
(m =iy )t Tl e [Ty (@)™ -t
for an integer T. Multiplying by ! m'~!, we obtain
Z (m—1! l'a!
(@1 y0ens01)#(0,...,0,1) (m - 25:1 ai)! Hf:l o! Hl ()"

.....

+ ey em?.

Indeed (m—1)!/(m Z ,a;)! is obviously an integer, and
l‘/H et H ,(iH% is also an integer since it is the number of
all partitions of {1,...,1} in «; blocks of size 1, «, blocks of size
2,...,qay blocks of size [. Now the congruence (2.8) follows di-
rectly from Lemma 1 and the fact that for « = (0,...,0,1) €7, it
holds

(m—1! I
(m—Zf L) Hf 1041'1_[, (@)™

By considering the coefficients with x"*, we obtain

k!m*co + bm* k! = ¢ (modm). (2.11)

From the coefficient with x"~(**1) (and writing formally c_; = 0), we
obtain

m-c_y +m(m — 1)cx_1¢o + (terms without co) 4+ (m — 1)bcy_y € Z.
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Using (2.6) and (2.11), we get

kb
(m—1)a <k!amk - + k’;;;) + (terms without ¢) + (
for an integer s. Multiplying this relation by (k + 1)!mX, the sum of
terms without ¢, multiplied by (k + 1)!mF, is congruent to ka**!
modulo m. Indeed, the corresponding sum from Lemma 1 does not
contain solutions (0, ...,0,1),(1,0,...,0,1,0) €Y, and the contribu-
tion of these solutions is
m=1! (k+1)! (m—1)! (k4+1)!

=) k=i T o2 k- K (modm).

Hence, we obtain
(k+1)(m—1)a"" +ka*™' =0 (modm),

which clearly implies @**! = 0 (mod m). |

—1
m )abEZ

Remark 1. Let us note that the assumption (2.5) of Theorem 1 im-
plies that in the Laurent series expansion of (f(x)) 1™ (in powers of 1 /x)
the coefficient of 1/x vanishes. On the other hand, from (f (x))l/ "=
*(1+a, i x ' +- ~)1/ " one can show that this coefficient has the
form aX*! + Am/(1 + Bm), for integers A, B, which leads to the con-
clusion that @™} = 0 (mod m).

Corollary 1. If f(x) = X"+ a,_1x" ' + .- €Z[x] is a monic poly-
nomial satisfying gcd(a,—1,n) = 1, then f is indecomposable.

In [4], the first two authors considered also the decomposability
problem for even and odd polynomials. They have shown that a
decomposition of an odd polynomial is equivalent to a decomposition
of the form G o H, where G and H are odd polynomials. On the other
hand, let f = g o & be a decomposition of an even polynomial f. Then
h is an even polynomial, or g = Go L and h = L™! o H, where G is
even, H is odd and L is a linear polynomial. Furthermore, they proved
the following indecomposability results:

(i) Let f(x) = x" +a, 2x" "2+ --- €Z[x] be an odd polynomial.
If ged(ay—2,n) = 1, then f is indecomposable.

(i) Letf(x) = x*" 4+ a, x> 2 + .- € Z[x] be an even polynomial
and define g(x) = f(v/x). Assume that gcd(a,—2,n) = 1. Then every
decomposition of f is equivalent to one of the following decomposi-
tions: f = g(x?), f = (xp(x2))*. The second case appears if and only

if g(x) = xp(x)* for some polynomial p(x) € Z[x].
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Here we state generalizations of these results, which can be proved
in the same manner as Theorem 1. Alternatively, one can use the
Laurent series expansions, as in Remark 1. The only difference is that
if the polynomials f and & from Theorem 3 are even, then the as-
sumption of Theorem 3 implies vanishing of the coefficient of 1/x?,
instead of the coefficient of 1/x.

Theorem 2. Let f(x) = x" + a, 2x" > + - + aix€ Z[x] be an odd
polynomial. Assume that

f(x) = (h(x))" + H(x),

with h(x), H(x) € C[x|, deg h(x) = k and deg H(x) < n —k — 3. Then
the polynomial h(x) is odd and it holds aflkle)/ > =0 (modm).
Theorem 3. Let f(x) = x" + a, 2x"2 + -+ ap € Z[x] be an even
polynomial. Assume that

f(x) = (h(x))" + H(x),

with h(x),H(x) € Clx], degh(x) =k > 1 and degH(x) <n —k — 3.
If k is odd, that the polynomial h(x) is odd and a,(lk_zl)/ > =0 (modm),
and if k is even, then h(x) is even and aikaz)/ > =0 (modm).

As a corollary of Theorems 1-3, we obtain a new proof of the
characterization of all decompositions of Fibonacci polynomials.

Corollary 2. (i) The Fibonacci polynomials F, cannot be represented
in the form F,(x) = (h(x))" 4+ H(x), where m > 2 and deg h + deg H
<n-—4.

(i) The polynomial F, is indecomposable for even n, while for odd
n the only decomposition (up to equivalence) of F, is F,(x) = f,(x?),

where fn(x) = Fn(\/)_c)

Proof. The first statement of the corollary follows from Theorems 2
and 3. Indeed, if F,(x)= (h(x))" +H(x), where m>2 and
degh +degH < n — 4, then deg H < deg F,, — degh — 3. Therefore,
we may apply Theorems 2 and 3 to the polynomials F,(x) = x"~ !+
(n—2)x"3 4 .. We get (n — 2)19e" /2 = 0 (mod m), for a divi-
sor m>1 of n — 1, which is a contradiction.

Let us prove statement (ii). Assume first that n is even. Then F), is
an odd polynomial. If F, is decomposable, then by [4, Lemma 2] we
have F,, = KoL, where K and L are odd monic polynomials and
deg K, deg L > 3. Hence, F,(x) = (L(x))" + H(x), where m = deg K
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and degH < (m —2)degL =degF, —2degL <n—degL—4, a
contradiction.

Assume now that n is odd. Then F), is an even polynomial. Let
F, =KoL be a decomposition of F,, where K and L are monic
polynomials. By [4, Lemma 3], we may assume that L is an odd or
even polynomial. If L is odd and deg L > 3, then K is even, and we
have F,(x) = (L(x))*** + H(x), where degH < n — degL — 4, and
we get a contradiction, as before.

Assume finally that L is an even polynomial, and define /(x) =
L(y/x). Now we have f, = Kol Let K(x)=x"+bx""' +.... If
deg! > 2, then f,(x) = (I(x))" + b(I(x))"" + H(x), where degH <
(m —2)degl = degf, —2degl < deg f,, — degl — 2. Thus, we may
apply Theorem 1, and we obtain a contradiction. Hence, we conclude
that deg/ = 1 and deg L = 2, and this implies that the decomposition
F, = K o Lis equivalent to F,(x) = f,(x?). u
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