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Abstract

In their profound study on the connections between Lyapunov theory and approxi-
mation properties of Jacobi-Perron algorithm BROISE-ALAMICHEL and GUIVARC’H

2001 proved a generalization of an inequality due to PALEY and URSELL [2]. In this
note this inequality is slightly refined for dimension n ¼ 3. This shows that for the
eigenvalues �0> j�1j � j�2j � j�3j of a periodic expansion the inequality j�1�2j<1
is true. Furthermore it allows a more direct proof for the inequality �1 þ �2<0 where
�0>�1>�2>�3 are the Lyapunov exponents of the algorithm.
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denote the three-dimensional map related to Jacobi-Perron algorithm
(PERRON [3], SCHWEIGER [4, 6]). Define

ðas; bs; csÞ ¼ ðaðTs�1xÞ; bðTs�1xÞ; cðTs�1xÞÞ; 1 � s:

Note that the digits satisfy the so-called Perron conditions

0 � as � cs; 0 � bs � cs; 1 � cs:

Furthermore: If as ¼ cs then 1 � bsþ1. If bs ¼ cs then asþ1 � bsþ1. If
bs ¼ cs and asþ1 ¼ bsþ1 then 1 � asþ2.

We introduce the matrices

�ðsÞ :¼

cs 0 0 1

1 0 0 0

as 1 0 0

bs 0 1 0

0
BB@

1
CCA

and

�ð1Þ � � � �ðsÞ :¼

A
ðsþ4Þ
0 A

ðsþ1Þ
0 A

ðsþ2Þ
0 A

ðsþ3Þ
0

A
ðsþ4Þ
1 A

ðsþ1Þ
1 A

ðsþ2Þ
1 A

ðsþ3Þ
1

A
ðsþ4Þ
2 A

ðsþ1Þ
2 A

ðsþ2Þ
2 A

ðsþ3Þ
2

A
ðsþ4Þ
3 A

ðsþ1Þ
3 A

ðsþ2Þ
3 A

ðsþ3Þ
3

0
BBBB@

1
CCCCA:

From this notation we read the recursion relation

Aðsþ4Þ
� ¼ csA

ðsþ3Þ
� þ bsA

ðsþ2Þ
� þ asA

ðsþ1Þ
� þ AðsÞ

� ; �2f0; 1; 2; 3g:
The following expansion is worth to be stated as a separate lemma.

Lemma (BROISE-ALAMICHEL and GUIVARC’H [1]).

A
ðsþ4Þ
0 ¼ ðcs � 1ÞAðsþ3Þ

0 þ ðcs�1 þ bs � 1ÞAðsþ2Þ
0

þ ðcs�2 þ bs�1 þ as � 1ÞAðsþ1Þ
0 þ ðcs�3 þ bs�2 þ as�1 þ 1ÞAðsÞ

0

þ ðbs�3 þ as�2 þ 1ÞAðs�1Þ
0 þ ðas�3 þ 1ÞAðs�2Þ

0 þ A
ðs�3Þ
0 :

We denote by

½sþ i; sþ j; sþ k��;� ¼ det

A
ðsþiÞ
0 A

ðsþjÞ
0 A

ðsþkÞ
0

AðsþiÞ
� AðsþjÞ

� AðsþkÞ
�

A
ðsþiÞ
� A

ðsþjÞ
� A

ðsþkÞ
�

0
BB@

1
CCA

the relevant determinants. Since the choice of �; �2f1; 2; 3g is not
important we drop these indices.
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The following recursion relations are valid,

½sþ 4; sþ 1; sþ 2� ¼ cs½sþ 3; sþ 1; sþ 2� þ ½s; sþ 1; sþ 2�;
½sþ 4; sþ 1; sþ 3� ¼ bs½sþ 2; sþ 1; sþ 3� þ ½s; sþ 1; sþ 3�;
½sþ 4; sþ 2; sþ 3� ¼ as½sþ 1; sþ 2; sþ 3� þ ½s; sþ 2; sþ 3�:

These relations lead to the following useful expansion,

½sþ 4; sþ 2; sþ 3� ¼ as½sþ 1; sþ 2; sþ 3� þ bs�1½sþ 1; s; sþ 2�
þ cs�2½sþ 1; s� 1; s� þ ½s� 2; s� 1; s�:

We introduce the quantity

�s :¼
j½s; s� 1; s� 2�j

A
ðsÞ
0

; s � 4:

Theorem.

j½sþ 4; sþ 2; sþ 3�j � A
ðsþ4Þ
0

�
1 � A

ðs�2Þ
0

A
ðsþ4Þ
0

�
max

s�2�t�sþ3
�t:

Proof. The proof will be given by induction and by considering sev-
eral cases. The relation

½sþ 4; sþ 2; sþ 3� ¼ as½sþ 1; sþ 2; sþ 3� þ bs�1½sþ 1; s; sþ 2�
þ cs�2½sþ 1; s� 1; s� þ ½s� 2; s� 1; s�

immediately gives

j½sþ 4; sþ 2; sþ 3�j � ðasAðsþ3Þ
0 þ bs�1A

ðsþ2Þ
0

þ cs�2A
ðsþ1Þ
0 þ A

ðsÞ
0 Þ max

s�t�sþ3
�t:

(1) If the following three conditions are satisfied, namely

as � cs � 1; bs�1 � cs�1 þ bs � 1; cs�2 � cs�2 þ bs�1 þ as � 1;

then a comparison with

A
ðsþ4Þ
0 ¼ ðcs � 1ÞAðsþ3Þ

0 þ ðcs�1 þ bs � 1ÞAðsþ2Þ
0

þ ðcs�2 þ bs�1 þ as � 1ÞAðsþ1Þ
0 þ ðcs�3 þ bs�2 þ as�1 þ 1ÞAðsÞ

0

þ ðbs�3 þ as�2 þ 1ÞAðs�1Þ
0 þ ðas�3 þ 1ÞAðs�2Þ

0 þ A
ðs�3Þ
0

shows that

j½sþ 4; sþ 2; sþ 3�j � A
ðsþ4Þ
0

�
1 � A

ðsÞ
0

A
ðsþ4Þ
0

�
max

s�t�sþ3
�t:
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(2) Now assume that cs � 1<as. Then by Perron conditions we
have as ¼ cs. Then we calculate

½sþ 4; sþ 2; sþ 3� ¼ cs½sþ 1; sþ 2; sþ 3� þ ½s; sþ 2; sþ 3�
¼ ðcs � 1Þ½sþ 1; sþ 2; sþ 3�
þ ½sþ 1; sþ 2; sþ 3� þ ½s; sþ 2; sþ 3�

¼ ðcs � 1Þ½sþ 1; sþ 2; sþ 3�
þ ðas�1 � bs�1Þ½s; sþ 1; sþ 2�
þ ðbs�2 � cs�2Þ½s; s� 1; sþ 1�
þ ð1þ cs�3Þ½s; s� 2; s� 1� þ ½s� 3; s� 2; s� 1�:

This gives the estimate

j½sþ 4; sþ 2; sþ 3�j � max
s�1�t�sþ3

�tððcs � 1ÞAðsþ3Þ
0 þ jas�1 � bs�1jAðsþ2Þ

0

þ jbs�2 � cs�2jAðsþ1Þ
0 þ ð1 þ cs�3ÞAðsÞ

0 þA
ðs�1Þ
0 Þ:

We will show that the inequalities

jas�1 � bs�1j � cs�1 þ bs � 1; jbs�2 � cs�2j � cs�2 þ bs�1 þ as � 1

are satisfied. Then a comparison with the expansion in the lemma
shows

j½sþ 4; sþ 2; sþ 3�j � A
ðsþ4Þ
0

�
1 � A

ðs�2Þ
0

A
ðsþ4Þ
0

�
max

s�2�t�sþ3
�t:

Suppose that as�1 � bs�1>cs�1 þ bs � 1. Then cs�1 þ 1 � as�1 þ 1
>cs�1 þ bs�1 þ bs. Then bs�1 ¼ bs ¼ 0 and cs�1 ¼ as�1. But the last
condition implies 1 � bs, a contradiction.

If bs�1 � as�1>cs�1 þ bs � 1 then cs�1 þ 1 � bs�1 þ 1>cs�1þ
as�1 þ bs. Hence as�1 ¼ bs ¼ 0 and bs�1 ¼ cs�1. But bs�1 ¼ cs�1

implies as � bs, hence as ¼ 0, a contradiction.
If cs�2 � bs�2>cs�2 þ bs�1 þ as � 1 then 1>bs�2 þ bs�1 þ as.

This leads to bs�2 ¼ bs�1 ¼ as ¼ 0 which again contradicts as ¼ cs.
(3) Therefore from now on we assume as � cs � 1. However, there

are two conditions left which could be violated.
(3.1) We first assume cs � 2.
(3.1.1) We consider the case

bs�1>bs þ cs�1 � 1:
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From bs�1 � cs�1 we get bs�1 ¼ cs�1 and bs ¼ 0 and therefore also
as ¼ 0. Then we have the recursion

½sþ 4; sþ 2; sþ 3� ¼ bs�1½sþ 1; s; sþ 2� þ cs�2½sþ 1; s� 1; s�
þ ½s� 2; s� 1; s�:

Then we estimate

j½sþ 4; sþ 2; sþ 3�j � ðcs�1A
ðsþ2Þ
0 þ cs�2A

ðsþ1Þ
0 þ A

ðsÞ
0 Þ

�
max

s�t�sþ2
�t

�
:

This expression must be compared with

A
ðsþ4Þ
0 � ðcs � 1ÞAðsþ3Þ

0 þ ðcs�1 � 1ÞAðsþ2Þ
0

þ ðcs�2 þ cs�1 � 1ÞAðsþ1Þ
0 þ ðcs�3 þ 1ÞAðsÞ

0 :

Since

cs�1A
ðsþ2Þ
0 � A

ðsþ3Þ
0 þ ðcs�1 � 1ÞAðsþ2Þ

0

we obtain

j½sþ 4; sþ 2; sþ 3�j � A
ðsþ4Þ
0

�
1 � A

ðsÞ
0

A
ðsþ4Þ
0

�
max

s�t�sþ3
�t:

(3.1.2) Next suppose that

cs�2>cs�2 þ bs�1 þ as � 1:

Then as ¼ bs�1 ¼ 0 and we find

½sþ 4; sþ 2; sþ 3� ¼ cs�2½sþ 1; s� 1; s� þ ½s� 2; s� 1; s�:
This leads to a comparison of

cs�2A
ðsþ1Þ
0 þ A

ðsÞ
0

with

A
ðsþ4Þ
0 �ðcs�1ÞAðsþ3Þ

0 þðcs�1 þbs�1ÞAðsþ2Þ
0 þðcs�2 �1ÞAðsþ1Þ

0 þA
ðsÞ
0 :

Since

cs�2A
ðsþ1Þ
0 � A

ðsþ3Þ
0 þ ðcs�2 � 1ÞAðsþ1Þ

0

we get the same estimate as before.
(3.2) The remaining case is cs ¼ 1.
(3.2.1)

bs�1>bs þ cs�1 � 1
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leads to bs�1 ¼ cs�1 and bs ¼ 0 and as ¼ 0. We expand the relation

½sþ 4; sþ 2; sþ 3� ¼ bs�1½sþ 1; s; sþ 2� þ cs�2½sþ 1; s� 1; s�
þ ½s� 2; s� 1; s�

to obtain

½sþ 4; sþ 2; sþ 3� ¼ ðbs�1 � 1Þ½sþ 1; s; sþ 2�
þ ðcs�2 � as�2Þ½sþ 1; s� 1; s�
� bs�3½s� 1; s� 2; s� � cs�4½s� 1; s� 3; s� 2�
þ ½s� 2; s� 1; s� � ½s� 4; s� 3; s� 2�:

As before we compare this relation with the expansion

A
ðsþ4Þ
0 ¼ ðcs � 1ÞAðsþ3Þ

0 þ ðcs�1 þ bs � 1ÞAðsþ2Þ
0

þ ðcs�2 þ cs�1 þ as � 1ÞAðsþ1Þ
0 þ ðcs�3 þ bs�2 þ as�1 þ 1ÞAðsÞ

0

þ ðbs�3 þ as�2 þ 1ÞAðs�1Þ
0 þ ðas�3 þ 1ÞAðs�2Þ

0 þ A
ðs�3Þ
0 :

Obviously, cs�2 � as�2 � cs�2 þ cs�1 þ as � 1 is true. The remaining
critical estimate is

ðbs�3 þ 1ÞAðsÞ
0 þ cs�4A

ðs�1Þ
0 � ðcs�3 þ bs�2 þ as�1 þ 1ÞAðsÞ

0

þ ðbs�3 þ as�2 þ 1ÞAðs�1Þ
0

or equivalently

bs�3A
ðsÞ
0 þ cs�4A

ðs�1Þ
0 � ðcs�3 þ bs�2 þ as�1ÞAðsÞ

0 þðbs�3 þ as�2ÞAðs�1Þ
0 :

If bs�3 ¼ cs�3 then we obtain as�2 � bs�2. If bs�2 ¼ 0 then as�2 ¼ 0
and hence as�1 � 1. The other case is bs�1 � 1. In both cases we
obtain

cs�4A
ðs�1Þ
0 � A

ðsÞ
0 þ A

ðs�1Þ
0 :

Hence

j½sþ 4; sþ 2; sþ 3�j � A
ðsþ4Þ
0

�
1 � A

ðs�1Þ
0

A
ðsþ4Þ
0

�
max

s�1�t�sþ3
�t:

If bs�3<cs�3 then we get again

cs�4A
ðs�1Þ
0 � A

ðsÞ
0 þ A

ðs�1Þ
0

and the same result.
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(3.2.2) If

cs�2>cs�2 þ bs�1 þ as � 1;

then bs�1 ¼ as ¼ 0. Note that in this case clearly bs�1 � bs þ cs�1 � 1.
We look at

½sþ 4; sþ 2; sþ 3� ¼ cs�2½sþ 1; s� 1; s� þ ½s� 2; s� 1; s�

and compare this with

A
ðsþ4Þ
0 � ðcs�2 � 1ÞAðsþ1Þ

0 þ ðcs�3 þ 1ÞAðsÞ
0 þ ðbs�3 þ 1ÞAðs�1Þ

0

þ ðas�3 þ 1ÞAðs�2Þ
0 þ A

ðs�3Þ
0

which is equivalent to

A
ðsþ4Þ
0 � cs�2A

ðsþ1Þ
0 þ A

ðsÞ
0 þ A

ðs�1Þ
0 þ A

ðs�2Þ
0 :

This leads to the estimate

j½sþ 4; sþ 2; sþ 3�j � A
ðsþ4Þ
0

�
1 � A

ðs�1Þ
0

A
ðsþ4Þ
0

�
max

s�2�t�sþ1
�t:

For a periodic algorithm with eigenvalues �0; �1; �2; �3 ordered in a
way such that �0> j�1j � j�2j � j�3j the following corollary follows.

Corollary 1. j�1�2j<1.

Proof. Note that for a periodic algorithm with period length p the
relations

A
ðspþ4Þ
0 þ A

ðspþ1Þ
1 þ A

ðspþ2Þ
2 þ A

ðspþ3Þ
3 � �s

0

and

½spþ 4; spþ 1; spþ 2�0;1;2 þ ½spþ 1; spþ 2; spþ 3�1;2;3
þ ½spþ 4; spþ 2; spþ 3�0;2;3 þ ½spþ 4; spþ 1; spþ 3�0;1;3

� j�0�1�2js:

Here the quantities ½sþ i; sþ j; sþ k��;�;� are defined as

½sþ i; sþ j; sþ k��;�;� ¼ det

AðsþiÞ
� AðsþjÞ

� AðsþkÞ
�

A
ðsþiÞ
� A

ðsþjÞ
� A

ðsþkÞ
�

AðsþiÞ
� AðsþjÞ

� AðsþkÞ
�

0
B@

1
CA:

Periodic Three-Dimensional Jacobi-Perron Algorithms 9



Clearly the theorem of the paper extends to these numbers. Since the
algorithm is periodic there is a constant q<1 such that

1 � A
ðs�2Þ
0

A
ðsþ4Þ
0

� q<1:

If �0; �1; �2; �3 are the four Lyapunov exponents the following result
can be proved by applying the ergodic theorem.

Corollary 2. �0 þ �3>0.

Proof. The proof closely follows SCHWEIGER [5] (see also SCHWEIGER

[4]). We introduce the quantity

�s :¼ max
0� j�5

�sþj:

Then we find

�sþ6 � max
0� j�5

�
1 � A

ðsþj�2Þ
0

A
ðsþjþ4Þ
0

�
�s:

Using estimates like

1 � A
ðs�2Þ
0

A
ðsþ4Þ
0

� 1 � 1

46cscs�1cs�2cs�3cs�4cs�5

;

we see that the product

YN
s¼1

�
1 � max

0� j�5

�
1 � A

ðsþj�2Þ
0

A
ðsþjþ4Þ
0

��1=N

can be estimated almost everywhere by using the ergodic theorem.
More precisely, there is a constant �<1 such that

YN
s¼1

�
1 � max

0� j�5

�
1 � A

ðsþj�2Þ
0

A
ðsþjþ4Þ
0

��1=N

� �

holds almost everywhere. Since almost everywhere

lim
s!1

logA
ðsÞ
0

s
¼ �0;

the proof can be easily completed.
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