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Abstract

We prove in this paper that stability of the translation equation in the ring of formal
power series K½½X�� (more precisely, in the group of invertible formal series over K) is
equivalent to some kind of extensibility of one-parameter groups of truncated formal
power series. From this we deduce the stability of the translation equation in K½½X��.
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1. Introduction

Following the famous problem of the stability of the equation of ho-
momorphism posed by S. ULAM (cf. [8]) many authors have studied
such problems for various functional equations (see [1] and [2]). We
are going to consider here the problem of stability for the translation
equation in the ring of formal power series in one indeterminate.
Surprisingly, the considered problem is close to the problem of ex-
tensibility of one-parameter groups of truncated formal power series.



In fact, we will show that the stability of the translation equation in
the ring of formal power series is equivalent to the possibility of
extension of some restriction of a given truncated formal power se-
ries (for the concepts of truncation and extension we refer the reader
to [5]).

Our main results about the stability of the translation equation (1)
in a ring K½½X�� of formal power series with K2fR;Cg are Theorems
2 and 3 stating Hyers-Ulam stability of the translation equation under
a rather mild condition on the group G of the ‘‘time parameter’’ t. Let
us also mention that the constants in these stability results are best
possible.

In this introduction we recall basic notions about formal series
and their truncations. Let N stand for the set of all positive integers
and let K be the field of real or complex numbers. For k; l2N, by
jk; lj we denote the set of all integers n such that k � n � l. Similarly,
by jk;1j we mean the set of all integers n with n � k. Through-
out this paper we will assume that j1;1j ¼ ;,

P
t 2 ; at ¼ 0 andQ

t 2 ; at ¼ 1.
By K½½X�� we denote the ring of all power series

P1
i¼0 ciX

i with

coefficients in K. For any formal power series pðXÞ ¼
P1

i¼0 ciX
i we

define

ord pðXÞ :¼ minfi2N [ f0g: ci 6¼ 0g

assuming additionally that min ; ¼ 1.
The function d: K½½X���K½½X�� ! ½0;1Þ,

dðp1ðXÞ; p2ðXÞÞ ¼ ð1 þ ordðp1ðXÞ � p2ðXÞÞÞ�1;

properly defines a metric and ðK½½X��; dÞ is a complete metric space.
Moreover, the inequality dðp1ðXÞ; p2ðXÞÞ<" is equivalent with
ordðp1ðXÞ � p2ðXÞÞ>ð1="Þ � 1.

A formal power series pðXÞ2K½½X�� can be substituted into the
series qðXÞ ¼

P1
i¼0 ciX

i provided ord pðXÞ � 1 (only in this case we

can properly compute the power series ðq � pÞðXÞ :¼
P1

i¼0 ciðpðXÞÞ
i
).

Denote �ðKÞ :¼ fpðXÞ2K½½X��: ord pðXÞ ¼ 1g. Then �ðKÞ with the
substitution as a binary operation is a group.

Finally we will need the notion of congruence modulo Xsþ1 and the
notion of truncated formal power series. It is easy to see that for s2N
the set

Is ¼ fpðXÞ2K½½X��: ord pðXÞ � sþ 1g ¼ Xsþ1K½½X��
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forms an ideal in the ring K½½X��. We define a congruence modulo Xsþ1

in the following way. We say that for p1ðXÞ; p2ðXÞ2K½½X�� we have

p1ðXÞ � p2ðXÞ mod Xsþ1 () p1ðXÞ � p2ðXÞ2 Is:

This clearly means that Xsþ1 is a divisor of ðp1 � p2ÞðXÞ :¼
p1ðXÞ � p2ðXÞ. We consider the quotient ring K½½X��=Is of all cosets
½pðXÞ�s ¼ pðXÞ þ Is. With every coset pðXÞ þ Is, where pðXÞ ¼P1

i¼0 ciX
i2K½½X��, we will associate an s-truncation of a formal

power series pðXÞ defined by

p½s�ðXÞ :¼
Xs

i¼0

ciX
i2K½½X��s � K½½X��:

In the set K½½X��s we introduce, in a natural way, an addition, a multi-
plication and a substitution as follows: For pðXÞ; qðXÞ2K½½X��s let

ðpþ qÞðXÞ ¼ ðpþ qÞ½s�ðXÞ;
ðpqÞðXÞ :¼ ðpqÞ½s�ðXÞ;

and, in the case when ord qðXÞ � 1,

ðp � qÞðXÞ :¼ ðp � qÞ½s�ðXÞ:

Then ðK½½X��s;þ; 	Þ is a ring which is isomorphic with K½½X��=Is.
Moreover, the set �ðKÞs :¼ fpðXÞ2K½½X��s: ord pðXÞ ¼ 1g is a group
under substitution.

Definition 1. By a one-parameter group of formal power series we
mean a homomorphism �: G ! �ðKÞ from a group ðG;þÞ into
ð�ðKÞ; �Þ.

For a one-parameter group of formal power series �: G ! �ðKÞ
let us denote FtðXÞ ¼ Fðt;XÞ ¼ �ðtÞðXÞ ¼

P1
i¼1 ciðtÞXi, where

c1: G ! Knf0g, ci: G ! K for i � 2. Then the family ðFðt;XÞÞt 2G
satisfies the well-known translation equation in the ring of formal
power series, i.e.

Fðt1 þ t2;XÞ ¼ Fðt1;Fðt2;XÞÞ for t1; t2 2G; ð1Þ
or, briefly,

Ft1þt2 ¼ Ft1 � Ft2 for t1; t2 2G:

Analogously, we can define a one-parameter group of s-truncated for-
mal power series as a homomorphism �s: G ! �ðKÞs. If we denote
F
½s�
t ðXÞ¼F½s�ðt;XÞ¼�sðtÞðXÞ¼

Ps
i¼1 ciðtÞXi, where c1: G!Knf0g,
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ci: G ! K for 2 � i � s, then the family ðF½s�ðt;XÞÞt 2G satisfies also
the translation equation

F½s�ðt1 þ t2;XÞ ¼ F½s�ðt1;F½s�ðt2;XÞÞ mod Xsþ1 for t1; t2 2G; ð2Þ

in the ring of s-truncated formal power series.
Definition 7 contains the notion of stability we are investigating in

this paper. It is, in fact, the notion of stability which is used in the
theory of the classical Cauchy equation, since by the definition of the
metric d Definition 7 can easily be reformulated in terms of this
metric. However, for considerations involving formal series the con-
cept of order seems to be more convenient than the related metric d.

2. Stability and Extensibility

We will show here that the Hyers-Ulam stability of the translation
equation (1) in formal power series is equivalent with some special kind
of extensibility of one-parameter groups of truncated formal power series.

Let us begin with the problem of extensibility of one-parameter
groups of s-truncated formal power series (cf. [7]).

Definition 2. Let ðG;þÞ be a group. A one-parameter group

ðF½s�
t ðXÞÞt 2G of s-truncated formal power series is called extensible

provided there exists a one-parameter group of ðsþ 1Þ-truncated

formal power series ðF½sþ1�
t ðXÞÞt 2G such that�

F
½sþ1�
t

�½s�
ðXÞ ¼ F

½s�
t ðXÞ for every t2G:

In other words, we ask whether for a one-parameter group of s-

truncated formal power series F½s�ðt;XÞ ¼
Ps

i¼1 ciðtÞXi there exists a

function csþ1: G ! K such that F
½sþ1�ðt;XÞ ¼

Psþ1
i¼1 ciðtÞXi is a one-

parameter group of ðsþ 1Þ-truncated formal power series.

The partial solution of this problem one can find in [4, 5, 6]. Here
we will need another kind of extensibility. Namely

Definition 3. Let r2ð0; 1� and let ðG;þÞ be a group. A one-parameter
group F½s�ðt;XÞ ¼

Ps
i¼1 ciðtÞXi, t2G of s-truncated formal power se-

ries is called r-partially 1-extensible if there exists a one-parameter
group of formal power series Fðt;XÞ ¼

P1
i¼1 �cciðtÞXi, t2G such that

ðFÞ½rs�ðt;XÞ ¼
�
F½s��½rs�ðt;XÞ for t2G

or, equivalently, ci ¼ �cci for 1 � i � ½rs�.
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Definition 4. Let r2ð0; 1� and let ðG;þÞ be a group. The translation
equation (1) in a ring of formal power series is called r-stable if for
every positive integer M and for every family Fðt;XÞ ¼

P1
i¼1 ciðtÞXi,

t2G of formal power series such that

ordðFðt1 þ t2;XÞ � Fðt1;Fðt2;XÞÞÞ>M for every t1; t2 2G;

there is a one-parameter group of formal power series Fðt;XÞ ¼P1
i¼1 �cciðtÞXi such that

ordðFðt;XÞ � Fðt;XÞÞ>rM for t2G

or, equivalently, ci ¼ �cci for 1 � i � ½rM�.
We prove now that r-partial 1-extensibility of one-parameter

groups of truncated formal power series is equivalent to Hyers-Ulam
r-stability of the translation equation (1) in rings of formal power series.

Proposition 1. Fix r2ð0; 1�. The translation equation (1) in the ring
of formal power series is r-stable if and only if each one-parameter
group of truncated formal power series is r-partially 1-extensible.

Proof. Assume that the translation equation in K½½X�� is r-stable. Fix
s2N arbitrarily and let F½s�ðt;XÞ ¼

Ps
i¼1 ciðtÞXi be a one-parameter

group of s-truncated formal power series. Put Fðt;XÞ ¼
P1

i¼1 ciðtÞXi,
where ci: G ! K for i > s are arbitrary. Then

ordðFðt1 þ t2;XÞ � Fðt1;Fðt2;XÞÞÞ>s for t1; t2 2G:

Since the translation equation is r-stable, we find a one-parameter group
of formal power series Fðt;XÞ ¼

P1
i¼1 �cciðtÞXi such that

ordðFðt;XÞ � Fðt;XÞÞ>rs for t2G:

This means that ci ¼ �cci for 1 � i � ½rs�, so every one-parameter group
of truncated formal power series is r-partially 1-extensible.

Now, assume that each one-parameter group of truncated formal
power series is r-partially 1-extensible. Fix M2N and let a family
Fðt;XÞ ¼

P1
i¼1 ciðtÞXi, t2G be such that

ordðFðt1 þ t2;XÞ � Fðt1;Fðt2;XÞÞÞ>M for t1; t2 2G:

Then F½M�ðt;XÞ ¼
PM

i¼1 ciðtÞXi is a one-parameter group of M-trun-
cated formal power series. On account of our assumption there exists
a one-parameter group Fðt;XÞ ¼

P1
i¼1 �cciðtÞXi such that ci ¼ �cci for

1 � i � ½rM�. Thus

ordðFðt;XÞ � Fðt;XÞÞ>rM for t2G:

This finishes the proof. &
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Thus the problem of stability of the translation equation (1) can be
reduced to discussion of extensibility of one-parameter groups of trun-
cated formal power series. We will need a certain form of the general
solution of the translation equations (1)–(2) in K½½X��. We will assume
here that ðG;þÞ is an abelian group such that for every generalized
exponential function f : G ! Knf0g we have either f ¼ 1 or f takes
infinitely many values. This is equivalent to the following assumption

(A) If K ¼ R then G has no subgroup of index 2 and if K ¼ C then
G has no subgroup with a finite index distinct form G.

Indeed, for a generalized exponential function f : G ! Knf0g, f 6¼ 1
taking finitely many values we have im f ffi G=ker f , which jointly
with the form of finite subgroups of ðKnf0g; 	Þ gives us the assumption
(A). Conversely, if we assume that (A) does not hold, then one can
construct a generalized exponential function f : G ! Knf0g, f 6¼ 1
which takes finitely many values.

We have

Theorem 1 (cf. [4, 5, 6]). Let s be a positive integer or s ¼ 1.
Assume that ðG;þÞ is an abelian group satisfying assumption (A).
There exist sequences of polynomials ðLpþ2

n Þn�pþ2 and ðPnÞn�2 such

that F½s�ðt;XÞ ¼
Ps

i¼1 ciðtÞXi, c1: G ! Knf0g, cn: G ! K for
n2j2; sj is a solution of the translation equation ((1) if s ¼ 1 and
(2) otherwise) if and only if one of three possibilities holds:

(a) c1 ¼ 1 and cn ¼ 0 for every n2j2; sj,
(b) c1 ¼ 1, cn ¼ 0 for n2j2; pþ 1j, cpþ2 is a nonzero additive

function and

cnðtÞ ¼ hncpþ2ðtÞ þ Lnðcpþ2ðtÞ; 1; hpþ3; . . . ; hn�p�1Þ;
n2jpþ 3; s� p� 1j;

cnðtÞ ¼ anðtÞ þ Lnðcpþ2ðtÞ; 1; hpþ3; . . . ; hn�p�1Þ; n2js� p; sj;
where ðhnÞn2 jpþ3; s�p�1j, hn2K for n2 jpþ 3; s� p� 1j, is an arbi-
trary sequence of constants and an : G ! K for n2js� p; sj are ar-
bitrary additive functions,

(c) c1 6¼ 1 is a generalized exponential function and

cnðtÞ ¼ c1ðtÞð�nðc1ðtÞn�1 � 1Þ þ Pnðc1ðtÞ;�2; . . . ; �nÞÞ; n2j2; sj;
where ð�nÞn�2, �n2K for n � 2, is an arbitrary sequence of constants.

Now we will consider the problem of extensibility of one-param-
eter groups of s-truncated formal power series. In fact, we will discuss
a more complicated version of extensibility.
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Definition 5 (cf. [7]). Fix l2N. A one-parameter group ðF½s�
t ðXÞÞt 2G

of s-truncated formal power series is called l-extensible if there
exists a one-parameter group of ðsþ lÞ-truncated formal power series

ðF½sþl�
t ðXÞÞt 2G such that

�
F
½sþl�
t

�½s�
ðXÞ ¼ F

½s�
t ðXÞ for every t2G:

Thus we ask whether for a one-parameter group of s-truncated formal
power series F½s�ðt;XÞ ¼

Ps
i¼1 ciðtÞXi there exist functions csþ1; . . . ;

csþl : G ! K such that F
½sþl�ðt;XÞ ¼

Psþl
i¼1 ciðtÞXi is a one-parameter

group of ðsþ lÞ-truncated formal power series.

Definition 6 (cf. [7]). A one-parameter group ðF½s�
t ðXÞÞt 2G of

s-truncated formal power series is called 1-extensible if there ex-
ists a one-parameter group of formal power series ðFtðXÞÞt 2G such
that

ðFtÞ½s�ðXÞ ¼ F
½s�
t ðXÞ for every t2G:

This means that we ask whether for a one-parameter group of
s-truncated formal power series F½s�ðt;XÞ ¼

Ps
i¼1 ciðtÞXi we can find

functions csþ1; csþ2; . . . : G ! K such that Fðt;XÞ ¼
P1

i¼1 ciðtÞXi is a
one-parameter group of formal power series.

Now we have all tools to discuss the extension problem for one-
parameter groups of truncated formal power series. We will gen-
erally assume that ðG;þÞ is an abelian group satisfying (A). By
AðG;KÞ we denote the vector space over K of all additive functions
a: G ! K.

We begin with the discussion of the subcase when dimKAðG;KÞ � 1.
From Theorem 1 one can easily derive

Corollary 1. Assume that ðG;þÞ is an abelian group satisfying (A)
and such that dimKAðG;KÞ � 1: If F½s�ðt;XÞ ¼

Ps
i¼1 ciðtÞXi for t2G,

where c1: G ! Knf0g, ci: G ! K for 2 � i � s, is a one-parameter
group of s-truncated formal power series (this means that F½s�ðt;XÞ
is of the form given in Theorem 1), then ðF½s�ðt;XÞÞt 2G is l- and
1-extensible for any l2N.

If we do not assume that dimK AðG;KÞ � 1 then we have

Corollary 2.Assume that ðG;þÞ is an abelian group satisfying assump-
tion (A). Let F½s�ðt;XÞ¼

Ps
i¼1ciðtÞXi for t2G, where c1:G!Knf0g,

ci :G!K for 2� i� s, be a one-parameter group of s-truncated

Formal Power Series and Partial Extensibility 133



formal power series (this means that F½s�ðt;XÞ is of the form given in
Theorem 1).

(1) If c1 6¼ 1, then ðF½s�ðt;XÞÞt 2G is l- and 1-extensible.
(2) If c1 ¼ 1, then ðF½s�ðt;XÞÞt 2G is l-extensible if and only if there

are constants di2K for s� p � i � minðs� pþ l� 1; sÞ such that
ai ¼ dicpþ2 for every s� p � i � minðs� pþ l� 1; sÞ. Moreover,
ðF½s�ðt;XÞÞt 2G is 1-extensible if and only if there are constants di2K
for s� p � i � sÞ such that ai ¼ dicpþ2 for every s� p � i � s.

Remark 1. Note that Corollary 2 states that in the case c1 ¼ 1 a
one-parameter group of truncated formal power series F½s�ðt;XÞ ¼Ps

i¼1 ciðtÞXi is 1-extensible if and only if the coefficient functions cn
for n2js� p; sj depend only (cf. Theorem 1(b)) on cpþ2 and on some
constants, but not on another additive function an.

We will finish this section with the following very useful and very
simple result, which we are able to derive from Corollary 2.

Corollary 3. Let F½s�ðt;XÞ ¼
Ps

i¼1 ciðtÞXi for t2G, where c1: G !
Knf0g, ci : G ! K for 2 � i � s, be a one-parameter group of
s-truncated formal power series. Then the truncated one-parameter
group ��

F½s��½12s�þ1ðt;XÞ
�
t 2G

is 1-extensible.

Proof. Assume that F½s�ðt;XÞ ¼
Ps

i¼1 ciðtÞXi is a one-parameter group
of s-truncated formal power series. The case c1 6¼ 1 is trivial. Assume
that c1 ¼ 1. Then (see Theorem 1(b)) the coefficient functions cn with
n2jpþ 2; ½1

2
s� þ 1j depend only on cpþ2, but not on another additive

function an. &

3. Stability of the Translation Equation in K½½X��
Now we prove results stating Hyers-Ulam stability of the translation
equation in a ring of formal power series. We consider a definition of
stability of functional equations, which is more general than r-stability.

Definition 7. The translation equation (1) in a ring of formal power
series is called stable if for every positive integer N we find a positive
integer M such that for every family Fðt;XÞ ¼

P1
i¼1 ciðtÞXi, t2G of

formal power series such that

ordðFðt1 þ t2;XÞ � Fðt1;Fðt2;XÞÞÞ>M for every t1; t2 2G;
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there is a one-parameter group of formal power series Fðt;XÞ ¼P1
i¼1 �cciðtÞXi such that

ordðFðt;XÞ � Fðt;XÞÞ>N for t2G

or, equivalently, ci ¼ �cci for 1 � i � N.

We will assume that ðG;þÞ is an abelian group satisfying (A). First
let us assume additionally that dimKAðG;KÞ � 1. Then, on account
of Corollary 1, we have

Theorem 2. Assume that ðG;þÞ is an abelian group satisfying (A)
and such that dimK AðG;KÞ � 1. Let M2N be fixed. If ðFðt; xÞÞt 2G
is a family of formal power series such that

ordðFðt1 þ t2;XÞ � Fðt1;Fðt2;XÞÞÞ>M for every t1; t2 2G;

ð3Þ
then there exists a one-parameter group of formal power series
ðFðt;XÞÞt 2G such that

ordðFðt;XÞ � Fðt;XÞÞ>M for t2G: ð4Þ
Proof. Note that the condition (3) means that for a family ðFðt;XÞÞt 2G
with Fðt;XÞ ¼

P1
i¼1 ciðtÞXi, its M-truncation ðF½M�ðt;XÞÞt 2G satisfies

(2) with s ¼ M. Then on account of Corollary 1 we know that
ðFðt;XÞÞt 2G is 1-extensible. This means that we find a one-parameter
group of formal power series ðFðt;XÞÞt 2G satisfying (4). &

If we do not assume that dimK AðG;KÞ � 1, we have

Theorem 3. Assume that ðG;þÞ is an abelian group satisfying (A).
Let M2N be fixed. If ðFðt; xÞÞt 2G is a family of formal power series
satisfying (3), then there exists a one-parameter group of formal
power series ðFðt;XÞÞt 2G such that

ordðFðt;XÞ � Fðt;XÞÞ>
�

1

2
M

�
þ 1 for t2G: ð5Þ

Proof. As in the proof of Theorem 2, the condition (3) means that for
a family ðFðt;XÞÞt 2G with Fðt;XÞ ¼

P1
i¼1 ciðtÞXi, its M-truncation

ðF½M�ðt;XÞÞt 2G satisfies (2) with s ¼ M. Then on account of
Corollary 3 we know that the truncation��

F½M��½12M �þ1ðt;XÞ
�
t 2G

is 1-extensible. This means that we find a one-parameter group of
formal power series ðFðt;XÞÞt 2G such that (5) holds. &
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Remark 2. Let us note that the one-parameter group of formal power
series ðFðt;XÞÞt 2G satisfying (4) and (5), respectively, which exists
by Theorems 2 and 3 is not unique (cf. Theorem 1). This follows from
the fact that constants hn and �n, respectively, can be chosen
arbitrarily for n > M.

Remark 3. The estimations (4) and (5) obtained in the Theorems 2
and 3 are the best possible. First let us consider the case when
dimKAðG;KÞ � 1. Fix M2N arbitrarily. Let c1 ¼ 1, ci ¼ 0 for
i2j2;Mj, cMþ1: G ! K let be an arbitrary function which is not ad-
ditive and take arbitrary functions ci : G ! K for i2jM þ 2;1j. Put
Fðt;XÞ ¼

P1
i¼1 ciðtÞXi. It is clear (cf. Theorem 1) that

ordðFðt1 þ t2;XÞ � Fðt1;Fðt2;XÞÞÞ ¼ M þ 1 for t1; t2 2G:

Let �cc1 ¼ 1 and �cci ¼ 0 for every i2j2;1j. Then Fðt;XÞ ¼P1
i¼1 �cciðtÞXi is a one-parameter group of formal power series such that

ordðFðt;XÞ � Fðt;XÞÞ ¼ M þ 1 for t2G:

Now assume that dimKAðG;KÞ�2. Fix M2N arbitrarily. In the
cases M2f1; 2g works the same example as above. So assume that
M � 3 and put p :¼ ½M=2� � 1. Let c1 ¼ 1, ci ¼ 0 for i2j2; pþ 1j
and let cpþ2: G ! K be a nonzero additive function. Furthermore, let

ciðtÞ ¼ hicpþ2ðtÞ þ Liðcpþ2ðtÞ; hpþ3; . . . ; hi�p�1Þ;
i2jpþ 3;M � p� 1j;

ciðtÞ ¼ aiðtÞ þ Liðcpþ2ðtÞ; hpþ3; . . . ; hi�p�1Þ; i2jM � p;Mj;

where ðLpþ2
n Þn�pþ2 are the polynomials from Theorem 1,

ðhnÞn2 jpþ3;M�p�1j, hn2K for n2jpþ 3;M � p� 1j, is a fixed se-

quence of constants and an : G ! K for n2js� p; sj are fixed ad-
ditive functions such that aM�p 6¼ bcpþ2 for any b2K (this is possible
because of the assumption dimKAðG;KÞ�2Þ: Finally, let ci for
i � M þ 1 be arbitrary. Put Fðt;XÞ ¼

P1
i¼1 ciðtÞXi. It is clear (cf.

Theorem 1) that

ordðFðt1 þ t2;XÞ � Fðt1;Fðt2;XÞÞÞ ¼ M þ 1 for t1; t2 2G;

because aM�p 6¼ bcpþ2 for any b2K. Let �cci ¼ ci for every
i2j1;M � p� 1j and put

�cciðtÞ ¼ hicpþ2ðtÞ þ Liðcpþ2ðtÞ; hpþ3; . . . ; hi�p�1Þ
for i2 jM � p� 1;1j:
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Then Fðt;XÞ ¼
P1

i¼1 ciðtÞXi is a one-parameter group of formal power
series such that

ordðFðt;XÞ � Fðt;XÞÞ ¼ M � p ¼
�
M

2

�
þ 1 for t2G:
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