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Abstract

We prove in this paper that stability of the translation equation in the ring of formal
power series IK[X] (more precisely, in the group of invertible formal series over [K) is
equivalent to some kind of extensibility of one-parameter groups of truncated formal
power series. From this we deduce the stability of the translation equation in K[X].
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1. Introduction

Following the famous problem of the stability of the equation of ho-
momorphism posed by S. ULAM (cf. [8]) many authors have studied
such problems for various functional equations (see [1] and [2]). We
are going to consider here the problem of stability for the translation
equation in the ring of formal power series in one indeterminate.
Surprisingly, the considered problem is close to the problem of ex-
tensibility of one-parameter groups of truncated formal power series.
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In fact, we will show that the stability of the translation equation in
the ring of formal power series is equivalent to the possibility of
extension of some restriction of a given truncated formal power se-
ries (for the concepts of truncation and extension we refer the reader
to [5]).

Our main results about the stability of the translation equation (1)
in a ring IK[X] of formal power series with I € {R, C} are Theorems
2 and 3 stating Hyers-Ulam stability of the translation equation under
a rather mild condition on the group G of the “‘time parameter” . Let
us also mention that the constants in these stability results are best
possible.

In this introduction we recall basic notions about formal series
and their truncations. Let N stand for the set of all positive integers
and let K be the field of real or complex numbers. For k,/€ N, by
|k, 1| we denote the set of all integers n such that k < n < [. Similarly,
by |k, 00| we mean the set of all integers n with n > k. Through-
out this paper we will assume that [co,00| =0, >, ya, =0 and
Hze pd = 1. .

By KK[X] we denote the ring of all power series > .-, c:X' with
coefficients in K. For any formal power series p(X) = > "7  c;:X' we
define

ord p(X) := min{ie NU {0}: ¢; # 0}

assuming additionally that min () = oo.
The function d: K[X] x K[X] — [0, c0),

d(p1(X),p2(X)) = (1 + ord(p1(X) — p2(X))) ™",

properly defines a metric and (K[X],d) is a complete metric space.
Moreover, the inequality d(p;(X),p2(X))<e is equivalent with
ord(pi1(X) — p2(X))>(1/e) — 1.

A formal power series p(X) € K[X] can be substituted into the
series g(X) = Y., ;X" provided ord p(X) > 1 (only in this case we
can properly compute the power series (g o p)(X) := > .2 ci(p(X))").
Denote I'(K) := {p(X) € K[X]: ord p(X) = 1}. Then I'(K) with the
substitution as a binary operation is a group.

Finally we will need the notion of congruence modulo X**! and the
notion of truncated formal power series. It is easy to see that for s€ N
the set

I, = {p(X) e K[X]: ord p(X) > s+ 1} = X* T K[X]
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forms an ideal in the ring K[X]. We define a congruence modulo X**!
in the following way. We say that for p; (X), p»(X) € K[X] we have

p1(X) = p2(X) mod X*™' <= p (X) — p2(X) €1,.

This clearly means that X**! is a divisor of (p; —p2)(X) :=
p1(X) — p2(X). We consider the quotient ring IK[X] /I, of all cosets
p(X)], = p(X) +I,. With every coset p(X)+ I, where p(X)=
Yoo X € K[X], we will associate an s-truncation of a formal
power series p(X) defined by

pH(x ZC,XI c K[X], c K[X].
i=0

In the set K[[X]]S we introduce, in a natural way, an addition, a multi-
plication and a substitution as follows: For p(X), ¢(X) € K[X], let

(P + ) (X) = (p+ )" (X),
(Pg)(X) = (pg)" (X),

and, in the case when ord ¢(X) > 1,

(poq)(X) = (pog)(X).

Then (IK[X],,+,-) is a ring which is isomorphic with K[X]/L.
Moreover, the set I'(K), := {p(X) e K[X],: ord p(X) = 1} is a group
under substitution.

Definition 1. By a one-parameter group of formal power series we
mean a homomorphism ®: G — I'(K) from a group (G,+) into
((ES), ).

For a one-parameter group of formal power series ®: G — I'(K)
let us denote F,(X)=F(t,X) =®(1)(X) = > 2, ci(t)X', where
c1: G — K\{0}, ¢;: G — K for i > 2. Then the family (F(¢,X)),.¢
satisfies the well-known translation equation in the ring of formal
power series, i.e.

F(II-I-ZQ,X):F(ll,F(Z‘z,X)) for 1,1 €aG, (1)
or, briefly,
F[1+12 :Ftl Oth fOI‘ tl,tZEG.

Analogously, we can define a one-parameter group of s-truncated for-
mal power series as a homomorphism ®;: G — I'(IK),. If we denote
FX) = FI(1,X) = ®,(1)(X) = %, ci()X', where ¢1: G — K\ {0},
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ci G — K for 2 < i < s, then the family (FF(z, X)), satisfies also
the translation equation

Fil(t) + 1, X) = F¥s,, F¥)(1,, X)) mod X**'  for 1,€G, (2)

in the ring of s-truncated formal power series.

Definition 7 contains the notion of stability we are investigating in
this paper. It is, in fact, the notion of stability which is used in the
theory of the classical Cauchy equation, since by the definition of the
metric d Definition 7 can easily be reformulated in terms of this
metric. However, for considerations involving formal series the con-
cept of order seems to be more convenient than the related metric d.

2. Stability and Extensibility

We will show here that the Hyers-Ulam stability of the translation
equation (1) in formal power series is equivalent with some special kind
of extensibility of one-parameter groups of truncated formal power series.

Let us begin with the problem of extensibility of one-parameter
groups of s-truncated formal power series (cf. [7]).

Definition 2. Let (G,+) be a group. A one-parameter group

(F,[S] (X)), of s-truncated formal power series is called extensible
provided there exists a one-parameter group of (s+ 1)-truncated

formal power series (F£S+1](X))t < ¢ such that

t

s [s] s
(F[ +U) (X) = Ft[‘}(x) for every t€G.

In other words, we ask whether for a one-parameter group of s-
truncated formal power series FI*/(¢,X) = >0 c;(f)X' there exists a
function ¢y 1: G — K such that f[sﬂ](t, X) = Zjill ci(1)X" is a one-
parameter group of (s + 1)-truncated formal power series.

The partial solution of this problem one can find in [4, 5, 6]. Here
we will need another kind of extensibility. Namely

Definition 3. Let r € (0, 1] and let (G, +) be a group. A one-parameter

group FIl(¢,X) = 371, ¢i(1)X', t € G of s-truncated formal power se-

ries is called r-partially oco-extensible if there exists a one-parameter

group of formal power series F(7,X) = -, ¢;(t)X', t € G such that
@, x) = (F¥)"@5,x)  for 1€G

or, equivalently, ¢; = ¢; for 1 <i < [rs].
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Definition 4. Let r € (0, 1] and let (G, +) be a group. The translation
equation (1) in a ring of formal power series is called r-stable if for
every positive integer M and for every family F(¢,X) = >_:2, ci(1)X’,
t € G of formal power series such that

ord(F(t; + t,,X) — F(t,F(t2,X)))>M  for every t,€G,

there is a one-parameter group of formal power series F(r,X) =
>, ()X such that

ord(F(t,X) — F(t,X))>rM for teG
or, equivalently, ¢; = ¢; for 1 < i < [rM].

We prove now that r-partial co-extensibility of one-parameter
groups of truncated formal power series is equivalent to Hyers-Ulam
r-stability of the translation equation (1) in rings of formal power series.

Proposition 1. Fix r € (0, 1]. The translation equation (1) in the ring
of formal power series is r-stable if and only if each one-parameter
group of truncated formal power series is r-partially co-extensible.

Proof. Assume that the translation equation in K[X] is r-stable. Fix
s€N arbitrarily and let FI)(z,X) = 377, ¢;(£)X’ be a one-parameter
group of s-truncated formal power series. Put F(7,X) = >.° ¢;(£)X’,
where ¢;; G — K for i > s are arbitrary. Then

ord(F(t; + t2,X) — F(t1,F(t2,X))) >s for #,5€G.

Since the translation equation is r-stable, we find a one-parameter group
of formal power series F(7,X) = > .2, ¢;()X" such that
ord(F(t,X) — F(t,X))>rs  for t€G.

This means that ¢; = ¢; for 1 < i < [rs], so every one-parameter group
of truncated formal power series is r-partially oco-extensible.

Now, assume that each one-parameter group of truncated formal
power series is r-partially co-extensible. Fix M € N and let a family
F(t,X) => 2, ci(t)X', 1€ G be such that

ord(F(t; + 1, X) — F(t1,F(t2,X))) >M for 1, €G.

Then FM(z,X) = S°¥ ¢i(1)X" is a one-parameter group of M-trun-
cated formal power series. On account of our assumption there exists
a one-parameter group F(t,X) = 2, ¢;(t)X’ such that ¢; = ¢; for
1 <i < [rM]. Thus

ord(F(t,X) — F(t,X))>rM  for t€G.

This finishes the proof. O
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Thus the problem of stability of the translation equation (1) can be
reduced to discussion of extensibility of one-parameter groups of trun-
cated formal power series. We will need a certain form of the general
solution of the translation equations (1)—(2) in IK[X]. We will assume
here that (G, +) is an abelian group such that for every generalized
exponential function f: G — K\{0} we have either f = 1 or f takes
infinitely many values. This is equivalent to the following assumption

(A) If K = R then G has no subgroup of index 2 and if K = C then
G has no subgroup with a finite index distinct form G.

Indeed, for a generalized exponential function f: G — K\{0},f # 1
taking finitely many values we have im f =2 G/ker f, which jointly
with the form of finite subgroups of (K\{0}, -) gives us the assumption
(A). Conversely, if we assume that (A) does not hold, then one can
construct a generalized exponential function f: G — K\ {0}, f # 1
which takes finitely many values.

We have

Theorem 1 (cf. [4, 5, 6]). Let s be a positive integer or s = o0.
Assume that (G,+) is an abelian group satisfying assumption (A).

There exist sequences of polynomials (L)), , and (P,),, such

that F¥(t,X) =30 ci()X', ¢1: G— K\{0}, ¢ G— K for
n€l2,s| is a solution of the translation equation ((1) if s = co and
(2) otherwise) if and only if one of three possibilities holds:

(@) ¢; =1 and ¢, = 0 for every n€|2,s|,

() ci1=1, ¢, =0 for ne|2,p+1|, ¢c,42 is a nonzero additive
function and

C”(l‘) = hncp+2(t) + Ln(cp+2(t)’ 1, hp+3a e ’hnfpfl)v
n€|p+3as_p_ 1‘7
cn(t) = ay(t) + Ly(cpia(t), L Apys, ...  hy—p_1), nE|s—p,s|,

where (hu), ¢ p13 yp-1» T €K for n€lp + 3,5 —p — 1|, is an arbi-
trary sequence of constants and a,: G — K for n€|s — p, s| are ar-
bitrary additive functions,

(c) c1 # 1 is a generalized exponential function and

en(t) = 1O M(er1()" = 1)+ Pu(c1(0): Moy M), nel,s|,
where ()‘n)nzz’ M € K forn > 2, is an arbitrary sequence of constants.

Now we will consider the problem of extensibility of one-param-
eter groups of s-truncated formal power series. In fact, we will discuss
a more complicated version of extensibility.
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Definition 5 (cf. [7]). Fix /&€ N. A one-parameter group (th X)), eq
of s-truncated formal power series is called [-extensible if there
exists a one-parameter group of (s + /)-truncated formal power series

(F[Hl] (X)), ¢ such that

t
<—[s+z] ] ]
F, ) (X) =F'(X) for every r€G.

Thus we ask whether for a one-parameter group of s-truncated formal
power series FI(1,X) = 30_, ¢;(£)X' there exist functions ¢, 1, ...,

¢s+1: G — [K such that For (t,X) = S0 ¢;(1)X" is a one-parameter
group of (s + [)-truncated formal power series.

Definition 6 (cf. [7]). A one-parameter group (F,[S](X))te ¢ of

s-truncated formal power series is called oo-extensible if there ex-
ists a one-parameter group of formal power series (F(X)), . such
that

(F,)M (X) = Ft[s] (X) for every t€G.

This means that we ask whether for a one-parameter group of
s-truncated formal power series FI(7,X) = 377 ¢;(t)X’ we can find
functions ¢4 1, €42, .. .1 G — K such that F(7,X) = >, ¢;(t)X' is a
one-parameter group of formal power series.

Now we have all tools to discuss the extension problem for one-
parameter groups of truncated formal power series. We will gen-
erally assume that (G,+) is an abelian group satisfying (A). By
A(G, ) we denote the vector space over KK of all additive functions
aG— K

We begin with the discussion of the subcase when dimy A(G, ) < 1.
From Theorem 1 one can easily derive

Corollary 1. Assume that (G,+) is an abelian group satisfying (A)
and such that dim A(G,IK) < 1. IfFFF(1,X) = >0, c;(£)X' for t €G,
where c1: G — K\{0}, ¢: G — K for 2 <i <, is a one-parameter
group of s-truncated formal power series (this means that FV (1,X)
is of the form given in Theorem 1), then (F¥(t,X)),. is I- and
oo-extensible for any 1€ N.

If we do not assume that dimy .A(G, ) <1 then we have

Corollary 2. Assume that (G, +) is an abelian group satisfying assump-
tion (A). Let F¥(t,X)=>"1_, ¢;(t)X' for t € G, where c;: G — K\ {0},

1
ci:G— K for 2<i<s, be a one-parameter group of s-truncated
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formal power series (this means that FU (t,X) is of the form given in
Theorem 1).

(1) If c1 # 1, then (F¥(1,X)), . is I- and oco-extensible.

(2) Ifci = 1, then (F¥\(t,X)), . ; is l-extensible if and only if there
are constants d; €K for s —p < i <min(s —p+1—1,s) such that
a; = dicpyo for every s—p <i<min(s—p-+1—1,s). Moreover,
(FUl(1,X)) + e g Is 0o-extensible if and only if there are constants d; € K
for s —p <i <) such that a; = d;c,.» for every s —p < i <s.

Remark 1. Note that Corollary 2 states that in the case ¢; =1 a
one-parameter group of truncated formal power series FUI(r,X) =
St ci(t)X' is co-extensible if and only if the coefficient functions c,
for n € |s — p, s| depend only (cf. Theorem 1(b)) on ¢,;, and on some
constants, but not on another additive function a,,.

We will finish this section with the following very useful and very
simple result, which we are able to derive from Corollary 2.

Corollary 3. Let FUl(t,X) = 30_, ¢;(t)X' for t€G, where ¢;: G —
K\{0}, ¢i: G — K for 2<i<s, be a one-parameter group of
s-truncated formal power series. Then the truncated one-parameter
group

Ls
((F[X])[z ! (t’X))teG
is oo-extensible.

Proof. Assume that FI)(#, X) = >7_, ¢;(1)X" is a one-parameter group
of s-truncated formal power series. The case ¢ # 1 is trivial. Assume
that ¢; = 1. Then (see Theorem 1(b)) the coefficient functions ¢, with
nelp+2,[5s] + 1| depend only on ¢,., but not on another additive
function a,,. O

3. Stability of the Translation Equation in K[X]

Now we prove results stating Hyers-Ulam stability of the translation
equation in a ring of formal power series. We consider a definition of
stability of functional equations, which is more general than r-stability.

Definition 7. The translation equation (1) in a ring of formal power
series is called stable if for every positive integer N we find a positive
integer M such that for every family F(¢,X) = Y 0, ci(1)X’, t€ G of
formal power series such that

ord(F(ty + 1, X) — F(t1,F(12,X)))>M  for every t,1€G,
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there is a one-parameter group of formal power series F(f,X) =
S, ci(6)X' such that

ord(F(t,X) — F(t,X))>N  for teG
or, equivalently, ¢; =¢; for 1 <i < N.

We will assume that (G, +) is an abelian group satisfying (A). First
let us assume additionally that dimy A(G, [K) < 1. Then, on account
of Corollary 1, we have

Theorem 2. Assume that (G,+) is an abelian group satisfying (A)
and such that dimi A(G, K) < 1. Let M € N be fixed. If (F(t,x)),c¢
is a family of formal power series such that

ord(F(t + t2,X) — F(t1,F(t2,X)))>M  for every t,6€G,
(3)

then there exists a one-parameter group of formal power series
(F(t,X)), e such that

ord(F(t,X) — F(t,X))>M  for teG. (4)

Proof. Note that the condition (3) means that for a family (F(#,X)), . s
with F(t,X) = 7%, ()X, its M-truncation (FIM)(¢, X)), _; satisfies
(2) with s =M. Then on account of Corollary 1 we know that
(F(t,X)), ¢ g is co-extensible. This means that we find a one-parameter

group of formal power series (F(t,X)), . satisfying (4). O
If we do not assume that dimy A(G, K) <1, we have

Theorem 3. Assume that (G,+) is an abelian group satisfying (A).
Let M €N be fixed. If (F(t,x)), g is a family of formal power series
satisfying (3), then there exists a one-parameter group of formal
power series (F(1,X)), ¢ g such that

ord(F(t,X)—F(t,X))>BM]+1 for teG.  (5)

Proof. As in the proof of Theorem 2, the condition (3) means that for
a family (F(1,X)),.s with F(t,X) = > 2, ¢;(1)X', its M-truncation
(FMI(1,X)),.; satisfies (2) with s =M. Then on account of
Corollary 3 we know that the truncation

((F[M])[%M]H(t,X))

is oo-extensible. This means that we find a one-parameter group of

formal power series (F(t,X)), . such that (5) holds. ]

teG
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Remark 2. Let us note that the one-parameter group of formal power
series (F(t,X)), . satisfying (4) and (5), respectively, which exists
by Theorems 2 and 3 is not unique (cf. Theorem 1). This follows from
the fact that constants h, and J\,, respectively, can be chosen
arbitrarily for n > M.

Remark 3. The estimations (4) and (5) obtained in the Theorems 2
and 3 are the best possible. First let us consider the case when
dimk A(G,K) <1. Fix MeN arbitrarily. Let ¢; =1, ¢; =0 for
i€|2,M|, cyy1: G — K let be an arbitrary function which is not ad-
ditive and take arbitrary functions ¢;: G — K for i € |M + 2, oc|. Put
F(t,X) =3, ci(t)X". It is clear (cf. Theorem 1) that

ord(F(t; + 12, X) — F(t1,F(2,X))) =M + 1 for 1,LbeG.

Let ¢, =1 and ¢ =0 for every i€|2,00 Then F(t,X)=
>, €i(1)X' is a one-parameter group of formal power series such that

ord(F(t,X) — F(t,X)) =M + 1 for teG.

Now assume that dimy A(G, K)>2. Fix M €N arbitrarily. In the
cases M € {1,2} works the same example as above. So assume that
M>3and put p:=[M/2] — 1. Letc; =1, ¢; =0 for i€|2,p + 1|
and let ¢, 2: G — K be a nonzero additive function. Furthermore, let

Ci(t) = hicp—O—Z(t) + Li(cp+2(t)>hp+37 s 7hi—p—1)7
i€lp+3,M—p-—1|,
C,'(l‘) = Cl,‘(l‘) + Li(Cp+2(t),hp+3, o 7hi—p—1); e |M —p,M‘,

where (L{;*z)pp ., are the polynomials from Theorem 1,
(hn) e pism—p—1) M€K for n€lp+3,M —p —1], is a fixed se-
quence of constants and a,: G — K for n€|s — p,s| are fixed ad-
ditive functions such that ay_, # bc,» for any b € K (this is possible
because of the assumption dimy .A(G, K)>2). Finally, let ¢; for
i > M+ 1 be arbitrary. Put F(,X) = > 2, ci(r)X". Tt is clear (cf.
Theorem 1) that

ord(F(t) + t2,X) — F(t1,F(12,X))) =M + 1 for 1,6 €G,

because ay—, # bc,1» for any belK. Let ¢; =c¢; for every
i€|l,M —p— 1| and put

Ei(t) = hicp+2<t) + Li<cp+2(t)v hp+37 s 7hi7p71)
for ielM—p—1,00|.
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Then F(t,X) = Y2, ¢;(t)X" is a one-parameter group of formal power
series such that

ord(F(t,X) — F(t,X)) =M —p = [%] +1 for te€G.
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