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Abstract

Assume that n points are chosen independently and according to the uniform
distribution from a convex polygon C. Consider the convex hull of the randomly
chosen points. The probabilities p

ðnÞ
k ðCÞ that the convex hull has exactly k vertices

are stated for all k in the cases that C is a square (equivalently a parallelogram) or a
triangle.
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1. Introduction

The distribution of the number of vertices of the convex hull of n
points chosen independently and uniformly from a convex set is one of
the oldest fields of research in geometrical probability, dating back to
the sixties of the nineteenth century. In spite of the interest this topic
has attracted throughout the years and in spite of the huge number of
papers published on this and closely related topics, very little progress
has been achieved in answering the original questionwhere n is a fixed
number and C a “simple” plane convex set like a square or a triangle.
Even in these cases the probability p

ðnÞ
k ðCÞ that the convex hull has
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exactly k vertices is only known either if n is very small, namely if
n� 6, or if k attains its minimal or maximal value, namely if k¼ 3 or
k¼ n, respectively; see [5] for references. For more information about
the convex hull of random points see in particular the books by
MATHAI [9] and SCHNEIDER and WEIL [12], as well as the surveys
by AFFENTRANGER [1], BUCHTA [3], GRUBER [8], SCHNEIDER [10],
[11], and WEIL and WIEACKER [13]. Many references are also con-
tained in [2], [4], [6], and [7].
It was pointed out in [5] that the question of determining the

distribution of the number of vertices of the convex hull of random
points chosen from a convex polygon C leads to the investigation of
certain convex chains. More precisely, the probability p

ðnÞ
k ðCÞ that the

convex hull of n points has exactly k vertices can be expressed in terms
of the probabilities q

ðrÞ
j ð1 � j � k � 2; 1 � r � n� 2Þ defined as

follows:
Assume that r points P1; . . . ;Pr are distributed independently and

uniformly in the triangle with vertices (0,1), (0,0), and (1,0).
Consider the convex hull of (0,1), P1; . . . ;Pr, and (1,0). The vertices
of the convex hull form a convex chain. The probability that the
convex chain consists – apart from the points (0,1) and (1,0) – of
exactly j of the points P1; . . . ;Pr is the required probability q

ðrÞ
j .

The main result of [5] is the explicit formula

q
ðrÞ
j ¼2j

X i1���ij
i1ði1þ1Þði1þi2Þði1þi2þ1Þ���ði1þ���þijÞði1þ���þijþ1Þ;

where the sum is taken over all i1;...;ij2N such that i1þ���þij¼r.
In the present note we state the arising formulae for p

ðnÞ
k ðCÞ in the

cases that C is a square or a triangle. The proofs will be published in a
future paper.

2. Formulae for the Square

Consider n distinct points in a square S. For each edge the point with
minimal distance to this edge is unique with probability one if the n
points are chosen independently and according to the uniform distribu-
tion. Assign to each edge the point with minimal distance. Mark the
assigned points. Depending on whether

(a) each marked point is assigned to exactly one edge (such that the
number of marked points is 4) or
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(b) one marked point is assigned to two adjacent edges, whereas
each of the further marked points is assigned to exactly one of
the remaining edges (such that the number of marked points is
3) or

(c) each marked point is assigned to two adjacent edges (such that the
number of marked points is 2)

we say that the convex hull of the n points is of type (a), (b), or (c),
respectively.
The probabilities p

ðnÞ
a , p

ðnÞ
b , and p

ðnÞ
c that the convex hull is of type (a),

(b), or (c), respectively, turn out to be

pðnÞa ¼ ðn� 2Þðn� 3Þ
nðn� 1Þ ; p

ðnÞ
b ¼ 4ðn� 2Þ

nðn� 1Þ ; and pðnÞc ¼ 2

nðn� 1Þ :

The vertices of the convex hull of the n points are composed of
the marked points and possibly of further points which are situated
– in an obvious sense – “between” the marked points. The convex
hull has k vertices if the marked points – let us write m for their
number – and the further vertices between the marked points – let
us write k1; . . . ; km for their respective numbers in counter-clock-
wise order – add up to k.
In order to derive the probabilities p

ðnÞ
kja, p

ðnÞ
kjb, and p

ðnÞ
kjc that the

convex hull of the n random points, on condition that it is of type
(a), (b), or (c), respectively, has exactly k vertices, we first
determine the probabilities p

ðnÞ
k1;...;km

that the convex hull has
k1; . . . ; km vertices between the marked points, where m¼ 4, 3, or 2
depending on the type of the convex hull.
Whereas in the cases (a) and (c) it does not matter for symmetry

reasonswhichmarked point is assumed to be the first one, it doesmatter
in case (b), and we denote the number of vertices between the
two marked points which are assigned to only one edge by k1.
The values of p

ðnÞ
k1;k2;k3;k4

in case (a), of p
ðnÞ
k1;k2;k3

in case (b), and
of p

ðnÞ
k1;k2

in case (c) are obtained via polynomials associated with these
probabilities: in case (a)

P
ðnÞ
k1;k2;k3;k4

ðx1;x2;x3;x4Þ

¼ ðn�4Þ!
2n�4

X
r0þr1þ���þr4¼n�4

r0�0

r1�k1; ...;r4�k4

1

r0!
Ar0
0

Y4
i¼1

1

ri!
q
ðriÞ
ki

Ari
i ;
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where

A0 ¼ 2� x1 � x2 � x3 � x4 þ x1x2 þ x2x3 þ x3x4 þ x4x1;

A1 ¼ x1ð1� x2Þ;
A2 ¼ x2ð1� x3Þ;
A3 ¼ x3ð1� x4Þ;
A4 ¼ x4ð1� x1Þ;

in case (b)

P
ðnÞ
k1;k2;k3

ðx1; x2Þ

¼ ðn� 3Þ!
2n�3

X
r0 þ r1 þ r2 þ r3 ¼ n� 3

r0 � 0

r1 � k1; r2 � k2; r3 � k3

1

r0!
Br0
0

Y3
i¼1

1

ri!
q
ðriÞ
ki

Bri
i ;

where

B0 ¼ x1 þ x2 � x1x2;

B1 ¼ x1x2;

B2 ¼ 1� x1;

B3 ¼ 1� x2;

and in case (c)

P
ðnÞ
k1;k2

¼ ðn� 2Þ!
2n�2

X
r1 þ r2 ¼ n�2

r1�k1; r2�k2

Y2
i¼1

1

ri!
q
ðriÞ
ki

:

The integration of these polynomials from 0 to 1 with respect to each
variable yields the required probabilities: in case (a)

p
ðnÞ
k1;k2;k3;k4

¼
ð1
0

ð1
0

ð1
0

ð1
0

P
ðnÞ
k1;k2;k3;k4

ðx1;x2; x3; x4Þdx1dx2dx3dx4;

in case (b)

p
ðnÞ
k1;k2;k3

¼
ð1
0

ð1
0

P
ðnÞ
k1;k2;k3

ðx1; x2Þdx1dx2;
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and in case (c)

p
ðnÞ
k1;k2

¼ P
ðnÞ
k1;k2

:

As an obvious consequence we obtain in case (a)

p
ðnÞ
kja ¼

X
k1þ ��� þ k4 ¼ k�4

k1 � 0; ...; k4 � 0

p
ðnÞ
k1;k2;k3;k4

;

in case (b)

p
ðnÞ
kjb ¼

X
k1 þ k2 þ k3 ¼ k� 3

k1 � 0; k2 � 0; k3 � 0

p
ðnÞ
k1;k2;k3

;

in case (c)

p
ðnÞ
kjc ¼

X
k1 þ k2 ¼ k� 2

k1 � 0; k2 � 0

p
ðnÞ
k1;k2

;

and finally

p
ðnÞ
k ðSÞ ¼ pðnÞa p

ðnÞ
kja þ p

ðnÞ
b p

ðnÞ
kjb þ pðnÞc p

ðnÞ
kjc:

The resulting values of p
ðnÞ
k ðSÞ are new for n� 7 and 4� k� n� 1.

Table 1 displays for n¼ 7 the products p
ð7Þ
a p

ð7Þ
kja, p

ð7Þ
b p

ð7Þ
kjb, and p

ð7Þ
c p

ð7Þ
kjc,

i.e. the probabilities that the convex hull is of a certain type and has
exactly k vertices. The marginal probabilities in the last column are the
probabilities that the convex hull is of type (a), (b), and (c), respectively,
and the marginal probabilities in the last row are the required prob-
abilities p

ð7Þ
k ðSÞ.

Table 1. Probabilities that the convex hull is of a certain type and has exactly k vertices
in the case that C is a square and n¼7

k 3 4 5 6 7
P

a 0 65
1008

155
672

475
3024

145
6048

10
21

b 137
10080

1811
12600

1046
4725

223
2520

1361
151200

10
21

c 1
1008

437
25200

1621
75600

109
15120

1
1575

1
21

P
7

480
203
900

3409
7200

91
360

121
3600

1
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3. Formulae for the Triangle

Consider n distinct points in a triangleT. If – analogously to the square –
to each edge of the triangle the point with minimal distance is assigned
and marked, either

(d) each marked point is assigned to exactly one edge (such that the
number of marked points is 3) or

(e) one marked point is assigned to two adjacent edges and a further
marked point is assigned to the remaining edge (such that the
number of marked points is 2),

and we say that the convex hull is of type (d) or (e), respectively.
For the probabilities p

ðnÞ
d and p

ðnÞ
e that the convex hull is of type (d) or

(e), respectively, we find that

p
ðnÞ
d ¼ 2ðn� 2Þ

2n� 1
and pðnÞe ¼ 3

2n� 1
:

The probabilities p
ðnÞ
kjd and p

ðnÞ
kje are defined analogously to the square.

The values of p
ðnÞ
k1;k2;k3

in case (d) and of p
ðnÞ
k1;k2

in case (e) are again
obtained via polynomials associatedwith these probabilities: in case (d)

P
ðnÞ
k1;k2;k3

ðx1; x2;x3Þ

¼ ðn� 3Þ!
X

r0 þ r1 þ r2 þ r3 ¼ n� 3

r0 � 0

r1 � k1; r2 � k2; r3 � k3

1

r0!
Dr0

0

Y3
i¼1

1

ri!
q
ðriÞ
ki

Dri
i ;

where

D0 ¼ 1� x1 � x2 � x3 þ x1x2 þ x2x3 þ x3x1;

D1 ¼ x1ð1� x2Þ;
D2 ¼ x2ð1� x3Þ;
D3 ¼ x3ð1� x1Þ;

and in case (e)

P
ðnÞ
k1;k2

ðx1Þ ¼ ðn� 2Þ!
X

r1 þ r2 ¼ n� 2

r1 � k1; r2 � k2

Y2
i¼1

1

ri!
q
ðriÞ
ki

Eri
i ;
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where

E1 ¼ x1;

E2 ¼ 1� x1:

The integration of these polynomials from 0 to 1 with respect to each
variable yields the required probabilities. Everything else is analogous
to the square.
As above the resulting values of p

ðnÞ
k ðTÞ are new for n� 7 and

4� k� n�1. Table 2 displays for n¼ 7 the products p
ð7Þ
d p

ð7Þ
kjd

and p
ð7Þ
e p

ð7Þ
kje, i.e. the probabilities that the convex hull is of a certain

type and has exactly k vertices. The marginal probabilities in the last
column are the probabilities that the convex hull is of type (d) and (e),
respectively, and the marginal probabilities in the last row are the
required probabilities p

ð7Þ
k ðTÞ.
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