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Abstract

An algebra U = (A, F) with a constant 0 has locally transferable congruences if for
every a,b€A there exists an element c €A such that ©(0,a) = ©(b,c). We
characterize varieties of algebras with locally transferable congruences by Maltsev
type conditions. We show that such varieties are always locally regular and that a
more general condition than local transferability, the so-called local n-transferability,
is equivalent to local regularity.
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The concept of transferable congruences was introduced by the first
author in [1]. Recall that an algebra U = (A, F) has transferable
congruences if for every a, b, c of A there exists an element d € A such
that

O(a,b) = O(c,d)

where O(x,y) denotes the principal congruence generated by the pair
(x,y). The paper [1] describes connections of this property with the
so-called regularity of congruences. However, regularity was general-
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ized to local regularity (see [2]), and some important algebras and
varieties which are not regular appear to be locally regular. Hence,
there is a natural question if also the concept of transferability of
congruences can be “localized” to be related with local regularity of
congruences.

In the whole paper we suppose that every considered algebra or
variety has a constant denoted by O (i.e. it is an n-ary term operation
with a constant value or a nullary operation). At first we recall that the
algebra U is locally regular if for every ©, ® € Con 2 we have

if [a]© =[a]® forsome acA then [0]© = [0]D.

In other words, the 0-class of every congruence is determined by any
other congruence class. A variety V is locally regular if each 2V
has this property. The following result was proved in [2] (and is also
contained in [4]):

Proposition 1. A variety V is locally regular if and only if there exist
an integer n > 1 and binary terms t,(x,y), ..., t,(x,y) such that

H(6y) = =t(x,y) =y if and only if x=0
holds in every algebra of V.

Although this characterization is rather simple, we still do not
know in general how the structure of the variety V influences the
number n of binary terms in question. However, we will show that the
case n = 1 is equivalent to the property stated in the following

Definition 1. An algebra 2 has locally transferable congruences if
for every a,b€A there exists an element c€A such that
©(0,a) = ©(b,c). A variety V has locally transferable congruences
if each AV has this property.

We characterize varieties having locally transferable congruences
as follows:

Theorem 1. For a variety V, the following conditions are equivalent:
(1) V has locally transferable congruences.
(2) There exist an integer k > 1, a binary term t and ternary terms
Pl - -, Pk sSuch that

10,y) =,
x:pl(-xvyay)a
pi(xayat(xvy)):pi+1(x7y7y) for 12177k_1
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and
0 = pi(x,y, 1(x,y))-
(3) There exists a binary term t such that
t(x,y)=y if and onlyif x=0
holds in every algebra of V.

Proof. (1) = (2): Suppose that V has locally transferable congru-
ences and let A = Fy(x,y) be the free algebra of V generated
by {x,y}. Then there exists a binary term t = #(x,y) €A such that
©(x,0) = O(y, ). Hence, (y,t(x,y)) € O(x,0) which yields immedi-
ately #(0,y) =y. Moreover, (x,0)€©(y,t(x,y)) and applying the
Maltsev lemma for the description of the principal congruence
O(y,t(x,y)) of U (see e.g. [4]) we obtain ternary terms py,...,pk
such that the desired identities hold in V.

(2) = (3): Consider the term #(x,y) of (2). Then #(0,y) =y.
Conversely, suppose #(x,y) = y. Then, applying the identities of (2),
we have

X:pl(xayyy) :p1(x,y,t(x,y)) :pz(x’y’y) =...=0

proving (3).
(3)=(1): Let A= (A,F)eV and a,beA. Set ¢ = t(a,b) where
t(x,y) is the term of (3). Then

(b,c) = (1(0,b),t(a,b)) €O(0,a).

Let © =0O(b,c) and consider the quotient algebra 2/O. Then
A/O €V and hence

[p1© = [c]® = [t(a,0)|© = 1([d]©, [b]O)

in A/O thus, by (3), [a]© = [0]© giving (a,0) € ©(b, c). Altogether,
we have shown 0(0,a) = ©(b, c) proving (1). O]
Corollary 1. If a variety V has locally transferable congruences, then

V is locally regular.

The proof follows immediately by comparing (3) of Theorem 1
with Proposition 1 (for n = 1). O

Example 1. An ortholattice is a bounded lattice with a unary opera-
tion - satisfying the identities: (x*)" =x, x Axt =0, xVx =1,
(xVy)" =xt Ayt and (x Ay)" =x* Vyl. The variety of all ortho-
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lattices has locally transferable congruences. To verify this, we ob-
serve that the term

1(x,y) = (xAY)V (x-Ay)
satisfies condition (3) of Theorem I:
10,) = (0OAY) V(0T Ay) =0V (1Ay) =y
Conversely, suppose #(x,y) =y, i.e.
(XAY)V(xAy) =y (i)
Then clearly x A y* < y and hence
XAyt = @AY ) Ay <yAyt=0
giving
x Ayt =0. (ii)
By substituting (i) into (i) we obtain x* Ay =y whence x* >y
which implies x < y*. Together with (ii), this yields
x=xAyt=0.

Let us note that the term ¢ is not unique. Similarly as above, one can
easily check that also the term

fo(x,y) = (xVy) A (x" VyH)

satisfies 7o(x,y) =y if and only if x = 0.

Recall that an algebra 2 is permutable at 0 if [0](© - ) =
[0](® - ©) for every ©, ® € Con . A variety V is permutable at 0 if
each A €V has this property.

The following characterization was involved in [6] (and is also
contained in [4]).

Proposition 2. A variety V is permutable at O if and only if there exists
a binary term s(x,y) such that the following identities hold in V:

s(x,x) =0 and  s(x,0) = x.

Example 2. The variety of ortholattices is permutable at 0. To verify
this, we can check that s(x,y) = x Ayl satisfies the identities of
Proposition 2.

Similarly, the variety of pseudo-complemented semilattices is
permutable at 0 which is witnessed by s(x,y) = x A y*.

We are going to show how permutability at 0 can simplify the
condition (2) of Theorem 1.
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Theorem 2. For a variety V, the following conditions are equivalent:
(1) V is permutable at 0 and has locally transferable congruences.
(2) There exist a binary term t and a ternary term p such that

1(0,y) =y, x=pxyy and  0=p(x,y,1(x,y)).

Proof. (1) = (2): Consider A = Fy(x,y), the free algebra of V gen-
erated by {x,y}. As in the proof of Theorem 1 there exists a binary
term ¢t = t(x,y) €A such that ©(x,0) = ©(y, ) and thus #(0,y) =y
and (x,0) € O(y,t(x,y)), i.e. x€[0]O(y,t(x,y)). Since V is permut-
able at 0, we can apply Lemma 2.1 of [5] (which is also contained in
[4]) to obtain x € [0]R(y, #(x,y)), where R(a,b) denotes the least re-
flexive and compatible binary relation on 2 containing the pair (a, b).
Hence, (x,0) € R(y,t(x,y)), thus there is a unary polynomial ¢ over
A such that x = p(y) and 0 = (t(x,y)) (see e.g. [4]). Since A is gen-
erated by {x,y}, there exists a ternary term p such that ¢(z) =
p(x,y,2) thus x = p(x,y,y) and 0 = p(x,y,(x,y)).

(2) = (1): Applying (2) of Theorem 1 for k = 1 we conclude that
V has locally transferable congruences. Further, set

s(x,y) = p(x, x, £(y, x)).

Then s(x,x) =p(x,x,t(x,x)) =0, s(x,0) =p(x,x,7(0,x)) =p(x,x,x) =x
by (2) and, in account of Proposition 2, V is permutable at 0. ]

We introduce a concept which is more general than local
transferability of congruences:

Definition 2. An algebra 2 has locally n-transferable congruences
(n>1) if for every x,y€A there exist cy,...,c, €A such that
©(0,x) = O(y,c1,...,cy). A variety V has locally n-transferable
congruences if each AV has this property.

Let us mention that O(y,ci,...,c,) is the least congruence
containing the set {y,c1,...,c,}x{y,c1,...,¢c,} and hence
Oy, ¢ty cn) = O, c1) V... VO(y,cy).

We show that by using local n-transferability instead of local
transferability the assertion of our Corollary 1 can be converted:

Theorem 3. For a variety V, the following conditions are equivalent:
(1) There exists an integer n > 1 such that V has locally n-
transferable congruences.
(2) Vis locally regular.

Proof. (1) = (2): Let V have locally n-transferable congruences for
some n > 1. Consider the free algebra Fy(x,y) generated by {x,y}.
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Then there exist c¢j,...,c,€Fyp(x,y) such that ©(0,x) =
O(y,c1,...,cn). Of course, ¢; = t;(x,y) (i=1,...,n) for some bi-
nary terms tq,...,t,. Hence

(“)(O,X) = @(ya l](X,y)) VeV @(y7tn(x7y)>'

Therefore, y = #;(0,y) for i = 1,...,n and, conversely, if y = 7;(x,y)
for all indices i then x = 0. By Proposition 1, V is locally regular.

(2) = (1): Let V be locally regular and consider again U =
Fy(x,y).Put C = [y]©(0,x) and ® = O({y} x C). Then ® and O(0, x)
have the class C in common and, due to local regularity, also
[0]® = [0]©(0, x). Hence,

(0,x) eO({y} xC).

By a standard application of the Maltsev lemma describing the con-
gruence O({y}xC) (see [4] and [3], Theorem 3.2) we infer the
existence of binary terms ¢,...,t,€C and 4-ary terms qi,...,qn
(n > 1) such that

1(0,y) =y for i=1,...,n,
0=qi(y,11(x,), %),
qi(4(x,3),3,%,5) = g1, 141 (x,), x,y) for j=1,....n—1
and
x = qn(y, ta(x,¥),x,y).

Now, let A = (A, F)€V, a,bcA and c¢; =t;(a,b) (i=1,...,n).
Clearly

(b, i) = (4:(0,b), 1i(a, b)) € ©(0,a),
thus
U =0(b,cy,...,c,) CO(0,a).
Conversely,

0

q1(b,ty(a,b),a,b)Vq,(c1,b,a,b)
Q2(b,C2,(l,b)\I’Q2(C‘2,b,a,b)
=q3(b,c3,a,b)V --- =a

giving (0,a) € W =0O(b,cy,...,cy). Together, ©(0,a) = O (b,cy,...,c)
thus A and hence V have locally n-transferable congruences. ]
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