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Abstract

Assume that n points Py, ..., P, are distributed independently and uniformly in the
triangle with vertices (0, 1), (0, 0), and (1, 0). Consider the convex hull of (0, 1),
Py,...,P,, and (1, 2 Denote by N, the number of those points Py, ..., P, which
are vertices. Let p; (k=1,...,n) be the probability that N, =k. BARANY,
ROTE, STEIGER, and ZHANG [1] ](proved that p) = 2"/[n!(n +1)!]. We derive
for k=1,...,n—1 the values of pk") and thus obtain the exact distribution of N,,.
Knowing this distribution provides the key to the answer of some long-standing
questions in geometrical probability, e.g., to the distribution of the number of vertices
of the convex hull of n points distributed independently and uniformly in a convex
polygon.
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Theorem 1. For n € N and k = 1,... n the probabilities p,((") are

given by

n—1
p = Z n =),
/=k 1
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with pé ) =1 and p = 0 for j € N. Alternatively, these probabilities

are given by
(n _ kZ AREN /%
i (i +1) (G +i) (G i+ 1) (i 4 +i) -+ i+ 1)

where the sum is taken over all iy, . .. i € N such thati; 4+ --- + i =
n.

The proof of Theorem 1 will be published in a forthcoming
paper, which will also describe how the distribution of the number
of vertices of the convex hull of n points distributed independently
and uniformly in a convex polygon arises in terms of the prob-
abilities p,”’. Here we will only state the following consequence of
Theorem 1:

Theorem 2. The expected value and the variance of the random
variable N, are given by

1 "1

The asymptotic version of the first formula in Theorem 2, i.e.
EN, ~ % logn as n tends to infinity, is a classical result due to RENYI
and SULANKE [4]. The asymptotic version of the second formula, i.e.
var N,, ~ 5= log n as n tends to infinity, is due to GROENEBOOM [3]. It
was obtalned by approximating the process of vertices of the convex
hull of a uniform sample by the process of extreme points of a
realization of a Poisson point process: The “left-lower boundary” of
the convex hull of a uniform sample of size n from the interior of the
square [0, ﬂ is associated with the “left-lower boundary” of the
convex hull of a realization of a Poisson point process on R with
intensity Lebesgue measure. For comments on GROENEBOOM’ s paper
see [2].
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