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Abstract

In a previous paper [4] we generalized the Rogers-Ramanujan identities by proving
formulas for the Carlitz q-Fibonacci polynomials FnðtÞ which reduce to the finite
version of the Rogers-Ramanujan identities obtained by I. SCHUR for t ¼ 1. The
q-Fibonacci polynomials can be interpreted as the weight of a set of lattice paths in R2

which are contained in the strip �2 � y � 1. In this paper we extend these results to
lattice paths contained in more general strips. We determine the recursions satisfied by
the corresponding polynomials and derive identities of the Rogers-Ramanujan type
which are related to some identities by KIRILLOV [6] and FODA and QUANO [5].
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0. Introduction

In a previous paper [4] we proved a finite version of the identity
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X
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which for t ¼ 1 reduces to SCHUR’s polynomial analog [8] of the first
Rogers-Ramanujan identity (cf. [1]). In this paper we consider more



generally the chain of formal power series

akðt;qÞ ¼
X
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which for t ¼ 1 reduces to

1
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X
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2 :

We give a polynomial version of akðt; qÞ which satisfies a recursion
of order 2k and determine this recursion explicitly.

Then we do the same with the chain of formal power series

bkðt; qÞ ¼
X
l�0

ckðlÞtl ¼
X
i2Z

ð�1Þiqðkþ1Þi2
X
l�jij

ql
2�i2
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tl; k � 1:

For t ¼ q ¼ 1 some of these results have already been proved in [3].
For t ¼ 1 these chains also occur via BAILEY’s lemma (cf. [7]).
I want to thank OLE WARNAAR for some useful remarks concerning

the fermionic form of akðn; t; qÞ.

1. The Combinatorial Background

We consider lattice paths in R2 of finite length, which start at the origin
(0, 0), where at each step only two moves are allowed, a northeast move
ði; jÞ ! ðiþ 1; jþ 1Þ and a southeast move ði; jÞ ! ðiþ 1; j� 1Þ.
Define a peak as a vertex preceded by a northeast step and followed
by a southeast step, and a valley as a vertex preceded by a southeast
step and followed by a northeast step. The height of a vertex is its
y-coordinate. The peaks with height at least 1 and the valleys with
height at most �2 are called extremal points. Let DðvÞ be the set of
the x-coordinates of the extremal points of the path v. Let

dðvÞ ¼ jDðvÞj and �ðvÞ ¼
X

i2DðvÞ
i:

Then the weight of the path v is defined by wtðvÞ ¼ q�ðvÞtdðvÞ. The
weight of a set of paths is the sum of the weight of all paths.

Let in the terminology of [4] A0
n denote the set of all lattice paths with

k ¼
�
n
2

�
northeast steps and l ¼

�
nþ1

2

�
southeast steps, which start at

(0, 0). Let Anðr;�sÞ be the set of those paths which are contained in the
strip �s<y<r. Let further Am

n ðr;�sÞ (resp. Am
n ð�s; rÞÞ be the set of all

paths in A0
n such that at least m points are outside the strip satisfying the
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following condition: The height of the first (from left to right) such point
is �r ðresp: ��sÞ, the height of the second point is ��s ðresp: �rÞ,
the height of the next point is again �r ðresp: ��sÞ, and so on. Thus
each path in Am

n ðr;�sÞ and Am
n ð�s; rÞ leaves the strip �s<y<r at least

m times and oscillates between points above the strip and below the
strip. By a simple inclusion-exclusion argument it is clear that
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X
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X
m�1

ð�1ÞmwtðAm
n ð�s; rÞÞ: ð1:1Þ

Here we have
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by [4], (3.7).
By [4] Lemma 3.1 we have
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Let now s ¼ r þ 1. Then we have in either case
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Here
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Under the same assumption we get
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but now we have

x2iþ1 ¼ ðr þ sÞiþ s and �yyi ¼
ðr þ sÞi2 � i

2
:
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Therefore this becomes
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Thus in each case we get
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This is the same as
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If we set wtðAi
nðr;�sÞÞ ¼ f ði; nÞ, then we have therefore

wtðAi
nð�s; rÞÞ ¼ f ð�i; nÞ.
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Let now An;k ¼ Anð�k � 2; k þ 1Þ be the set of all lattice paths in
R2 which start at the origin (0, 0), consist of

�
n
2

�
northeast steps and�

nþ1
2

�
southeast steps, and are contained in the strip �k � 1 � y � k.

By akðn; t; qÞ ¼ wtðAn;kÞ we denote its weight. Then the above
reasoning gives
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Here
�
n
k

�
denotes the q-binomial coefficient. We always assume that�

n
k

�
¼ 0 if n<0. For t ¼ 1 by using the q-Vandermonde formula this

reduces to
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In accordance with the language used by physicists we call (1.2) the
,,bosonic‘‘ representation of the polynomial akðn; t; qÞ.

For the form of the corresponding ‘‘fermionic’’ representation I am
indebted to OLE WARNAAR.

Theorem 1.1 (O. WARNAAR). The ‘‘fermionic’’ representation of
akðn; t; qÞ is given by

akðn; t; qÞ ¼
X

n1;...;nk�0

tN1qN
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nþ nj � 2
Pj
i¼1

Ni

nj

2
4

3
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where Nj ¼ nj þ njþ1 þ � � � þ nk.

For t ¼ 1 by the q-Vandermonde formula this theorem simplifies to
a polynomial identity of FODA and QUANO [5] and KIRILLOV [6]:
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In order to prove this we give first another lattice path representa-
tion of akðn; t; qÞ.
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Lemma 1.1. akðn; t; qÞ is the weight of the set of all non-negative
lattice paths starting at (0, 0) and ending in (n, 0), where besides a
northeast move ði; jÞ ! ðiþ 1; jþ 1Þ and a southeast move ði; jÞ !
ðiþ 1; j� 1Þ also a horizontal move ði; 0Þ ! ðiþ 1; 0Þ is allowed
and the maximal height of the peaks is k. Here the weight of a vertex
is qmt where m is its x-coordinate and the weight of a path is defined
as the product of the weight of its peaks.

It is easy to find a bijection between these two lattice path
models. Starting from the first model we map a northeast move
from ði;�1Þ ! ðiþ 1; 0Þ and a southeast move from ði; 0Þ !
ðiþ 1;�1Þ into a horizontal move ði; 0Þ ! ðiþ 1; 0Þ. The non-
negative paths remain the same and the negative paths from
ði;�1Þ ! ð j;�1Þ are reflected on the line y ¼ � 1

2
into a nonnegative

path ði; 0Þ ! ð j; 0Þ.
This map obviously has a unique inverse.
We now follow the argument used in Lemma 2.1 of BRESSOUD [2]

and apply it to our case: qk
2 ¼ q1þ3þ���þð2k�1Þ is the weight of the

unique path of length 2k with k peaks of height 1. The factor
�
n�k
k

�
is the generating function for partitions into at most k parts or,
equivalently, into exactly k parts where zeroes are permitted, each
of which is �n� 2k (cf. [1]). If these parts are denoted by
a1 � a2 � � � � � ak � 0, we insert ak horizontal steps in front of the
northeast step of the first peak and aj � ajþ1 horizontal steps in front
of the northeast step of the ðk � jþ 1Þ-th peak. Let Fðn; n1; . . . ; nk�1Þ
be the weight of all paths of length n, where each path has nj peaks
of ‘‘relative height’’ j (for the definition see [2]). If we replace for
each peak the set consisting of the northeast path leading to the peak
followed by the southeast path which leaves the peak with the set
consisting of two northeast paths followed by two southeast paths
(called ‘‘volcanic uplift’’ in [2]) then we get the set of all paths
of length nþ 2N1 where each path has n�jþ1 ¼ nj peaks of relative

height jþ 1. For the weight Fðnþ 2N�2 ; n�2 ; . . . ; n�k Þ, where N�2 ¼
n�2 þ � � � þ n�k , we get in this way Fðnþ 2N�2 ; n�2 ; . . . ; n�k Þ ¼
Fðn; n1; . . . ; nk�1ÞqðN

�
2
Þ2

. As shown in [2], we can now insert n�1
peaks of relative height 1 in all possible ways into such a path such
that

Fðnþ 2N�2 þ 2n�1 ; n�1 ; n�2 ; . . . ; n�k Þ ¼ Fðn; n1; . . . ; nk�1Þ

�qðN
�
1
Þ2 nþ 2N�1 � n�1

n�1

" #
:
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This implies

Fðn;n1; . . . ;nkÞ ¼ qN
2
1

nþ n1 � 2N1

n1

� �
Fðn� 2N1; n2; . . . ;nkÞ: ð1:6Þ

Starting with

Fðn; kÞ ¼ qk
2 n� k

k

� �

we get by induction

qN
2
1
þ���þN2

k

Yk
j¼1

nþ nj � 2
Pj

i¼1 Ni

nj

� �
:

For k ¼ 0 we have a0ðn; t; qÞ ¼ 1, a well-known result of I.
SCHUR [8].

For k ¼ 1 we have shown in [4] that

a1ðn; t; qÞ ¼ Fnþ1ðqtÞ ¼
X
k<n

qk
2 n� k

k

� �
tk:

For t ¼ 1 this is SCHUR’s finite version of the Rogers-Ramanujan
identities [8]. These polynomials are a q-analogue of the Fibonacci
polynomials and satisfy the recurrences

a1ðn; t; qÞ ¼ a1ðn� 1; qt; qÞ þ qta1ðn� 2; q2t; qÞ
and

a1ðn; t; qÞ ¼ a1ðn� 1; t; qÞ þ qn�1ta1ðn� 2; t; qÞ:
For k>1 we show that akðn; t; qÞ satisfies a recurrence of order 2k and
determine this recurrence explicitly.

Since for n<2k no path in An;k reaches the boundary we see that

akðn; t; qÞ ¼
X
l�0

ql
2

n

2

j k
l

" #
nþ 1

2

� �
l

2
4

3
5tl ð1:7Þ

for n<2k.

Remark 1.1. Theorem 1.1 can slightly be generalized to give
an extension of the whole result of FODA and QUANO [5] to arbitrary t:

Let An;k;r be the set of all lattice paths in R2 with northeast steps
and southeast steps which start at the point ð0; k þ 1 � rÞ, are
contained in the strip �k � 1 � y � k and end in either ðn; 0Þ or
ðn;�1Þ. By ak;rðn; t; qÞ ¼ wtðAn;k;rÞ we denote its weight.
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Then for 1 � r � k þ 1 we have

ak;rðn;t;qÞ¼
X
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nþr�j�1þnj�2
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i¼1

Ni

nj
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4

3
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In order to prove this we shift each such lattice path one unit
downward, such that the new path starts in (0, k � r). In order that
the new path has the same weight as the old path we have to
exchange in the new path the peaks of height 0 and the valleys of
height �2. For under this map all extremal points are again mapped
onto extremal points, except the peaks of height 1 which are mapped
onto peaks of height 0. If we replace the latter peaks with the
corresponding valleys of height �2, we get again an extremal point.
On the other hand the image of a valley of height �1, which is not
an extremal point, is mapped onto a valley of height �2, which is an
extremal point. So we replace it with the corresponding peak of
height 0, such that the weights are preserved. In this way we obtain
the set of all lattice paths starting at (0, k � r) which remain in the
strip �k � 2 � y � k � 1. We iterate this operation till we come to
the set of paths starting at (0, 0) which remain in the strip �2k þ r � 2
� y � r � 1. Then the computation given above leads to the bosonic
form of ak;rðn; t; qÞ.

The fermionic form follows again by induction starting with

a1;1ðn; t; qÞ ¼
Xbn�1

2
c

k¼0

qk
2þk n� k � 1

k

� �
tk;

which is equivalent with the extension of the second Rogers-
Ramanujan identity in [4].
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2. Some Useful Polynomials

Now we define some polynomials which we will need later.
Let

rnðx; t;qÞ ¼ rn�1ðx; t;qÞ þ xð1 � qn�1tÞrn�1ðx;q2t;qÞ � xrn�2ðx;q2t;qÞ
ð2:1Þ

with initial values r0ðx; t; qÞ ¼ 0, r1ðx; t; qÞ ¼ 1.
It can be shown that

rnðx; t; qÞ ¼ 1 þ xrn�1ðx; q2t; qÞ � tx
Xn�1

j¼0

qjrjðx; q2t; qÞ;

but we shall not need this.
We have

rnðx; t; qÞ ¼
Xn�1

k¼0

xk
Xk
j¼0

dðn; k; jÞt j

for some coefficients dðn; k; jÞ.
Comparing the coefficients we get the recursion

dðn; k; jÞ � dðn� 1; k; jÞ � q2jdðn� 1; k � 1; jÞ
þ qnþ2j�3dðn� 1; k � 1; j� 1Þ þ q2jdðn� 2; k � 1; jÞ ¼ 0:

Now it is easy to verify that

dðn; k; jÞ ¼ ð�1Þjqkjþ
	

j
2



k

j

� �
n� 1 � k þ j

j

� �
satisfies this recursion.

To prove this observe that if we set

d0ðn; k; jÞ ¼ ð�1Þjqkjþ
	

j
2



k

j

� �
n� 1 � k þ j

j

� �
;

then

d0ðn;k; jÞ�d0ðn�1;k; jÞ ¼ ð�1Þjqkjþ
	

j
2



k

j

� �

�
n�1� kþ j

j

� �
�

n�2� kþ j

j

� �� �

¼ ð�1Þjqkjþ
	

j
2



k

j

� �
qn�1�k

n�2� kþ j

j�1

� �
:
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Therefore

d0ðn� 1; k � 1; jÞ � d0ðn� 2; k � 1; jÞ ¼ ð�1Þjqðk�1Þjþ
	

j
2



k � 1

j

� �

�qn�1�k
n� 2 � k þ j
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This gives
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And this is the same as qnþ2j�3d0ðn� 1; k � 1; j� 1Þ.
Therefore d0ðn; k; jÞ satisfies the recurrence. Since for n ¼ 0, 1 we

obviously have d0ðn; k; jÞ ¼ dðn; k; jÞ, the two sequences coincide.
Therefore we get the explicit formula
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This can also be written in the form
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r0 ¼ 0;

r1 ¼ 1;

r2 ¼ 1 þ ð1 � qtÞx;

r3 ¼ 1 þ 1 � q
2

1

� �
t

� �
xþ 1 � q2

2

1

� �
t þ q5t2

� �
x2

¼ 1 þ �qþ
2

1

� �
ð1 � qtÞ

� �
xþ ð1 � q2tÞð1 � q3tÞx2;
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r4 ¼ 1 þ 1 � q
3

1

� �
t

� �
xþ 1 � q2

2

1

� �
2

1

� �
t þ q5

3

2

� �
t2

� �
x2

þ 1 � q3
3

1

� �
t þ q7

3

2

� �
t2 � q12t3

� �
x3

¼ 1 þ �q
2

1

� �
þ

3

1

� �
ð1 � qtÞ

� �
x

þ �q
2

1

� �
ð1 � q3tÞ þ

3

2

� �
ð1 � q2tÞð1 � q3tÞ

� �
x2

þ ð1 � q3tÞð1 � q4tÞð1 � q5tÞx3:

For q ¼ 1 these polynomials are intimately connected with the
Fibonacci polynomials: Let Fnðx; sÞ be the Fibonacci polynomial,
defined by Fnðx; sÞ ¼ xFn�1ðx; sÞ þ sFn�2ðx; sÞ with initial values
F0ðx; sÞ ¼ 0;F1ðx; sÞ ¼ 1. Then we see from the recursion

rnðx; t; 1Þ ¼ ð1 þ ð1 � tÞxÞrn�1ðx; t; 1Þ � xrn�2ðx; t; 1Þ
that

rnðx; t; 1Þ ¼ Fnð1 þ ð1 � tÞx;�xÞ:
Consider now

pnðx; t; qÞ ¼ rnþ1ðx; t; qÞ � xrnðx; q2t; qÞ: ð2:4Þ
Then we can recover rnðx; t; qÞ by

rnðx; t; qÞ ¼
Xn�1

j¼0

x jpðn� 1 � j; q2jt; xÞ: ð2:5Þ

This is easily seen by induction. For this holds for n ¼ 0 and n ¼ 1.
From rnþ1ðx; t; qÞ ¼ pnðx; t; qÞ þ xrnðx; q2t; qÞ we see that if it holds
for n then it also holds for nþ 1. Now

rnðx; t;qÞ ¼ rn�1ðx; t;qÞ þ xð1 � qn�1tÞrn�1ðx;q2t;qÞ � xrn�2ðx;q2t;qÞ
can be reformulated as

pnðx; t; qÞ � pn�1ðx; t; qÞ ¼ �qntxrnðx; q2t; qÞ

¼ �qntx
Xn�1

j¼0

x jpðn� 1 � j; q2jþ2t; xÞ:

Therefore we see that pkðx; t; qÞ is also characterized by the recursion

pkðx; t; qÞ ¼ pk�1ðx; t; qÞ � qkt
Xk
j¼1

xjpk�jðx; q2jt; qÞ ð2:6Þ

with p0ðx; t; qÞ ¼ 1.
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From (2.2) we get the explicit formula

pkðx; t; qÞ ¼ 1 þ
Xk
i¼1

xi
Xi

j¼0

ð�1Þjt jqijþ
	

j
2



i� 1

j� 1

� �
k � iþ j

j

� �
: ð2:7Þ

We also need the polynomials

hkðx; t; qÞ ¼ pkðx2; t; qÞ � xpk�1ðx2; qt; qÞ; k � 1; ð2:8Þ
and h0ðx; t; qÞ ¼ 1.

Thus hkðx; t; qÞ can be written in the form

hkðx; t; qÞ ¼ 1 � xþ
X2k

i¼1

ckði; tÞxi; ð2:9Þ

where

ckð2i; tÞ ¼
Xi

j¼0

ð�1Þ jt jqijþ
	

j
2


�
i� 1

j� 1

��
k � iþ j

j

�
ð2:10Þ

and

ckð2iþ 1; tÞ ¼
Xi

j¼0

ð�1Þ jþ1
t jqijþjþ

	
j
2


�
i� 1

j� 1

��
k� iþ j� 1

j

�
: ð2:11Þ

Then these polynomials are uniquely determined by the recursion

hkðx; t; qÞ ¼ hk�1ðx; t; qÞ � qkt
Xk
j¼1

x2jhk�jðx; q2jt; qÞ ð2:12Þ

with initial values h0ðx; t; qÞ ¼ 1, h1ðx; t; qÞ ¼ 1 � x� qtx2.
In terms of rkðx; t; qÞ for k � 1 they are given by

hkðx; t; qÞ ¼ rkþ1ðx2; t; qÞ � xrkðx2; qt; qÞ � x2rkðx2; q2t; qÞ
þ x3rk�1ðx2; q3t; qÞ: ð2:13Þ

For q ¼ 1 we get

hkðx; t; 1Þ ¼ Fkþ1ðx2ð1 � tÞ þ 1;�x2Þ � xðxþ 1Þ
�Fkðx2ð1 � tÞ þ 1;�x2Þ þ x3Fk�1ðx2ð1 � tÞ þ 1;�x2Þ:

For t ¼ 1 this reduces to

Fkþ2ð1;�x2Þ � xFkþ1ð1;�x2Þ

¼ xkþ1

�
Fkþ2

�
1

x
;�1

�
� Fkþ1

�
1

x
;�1

��
:
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Let now

jkðx; t; qÞ ¼ pkðx; t; qÞ � xpk�2ðx; q2t; qÞ ð2:14Þ
for k � 2.

This can also be written in the form

jkðx; t; qÞ ¼ rkþ1ðx; t; qÞ � xrkðx; q2t; qÞ � xrk�1ðx; q2t; qÞ
þ x2rk�2ðx; q4t; qÞ: ð2:15Þ

Therefore for k � 2 we get

jkðx; t; qÞ ¼
Xk
i¼0

sðk; i; tÞxi ð2:16Þ

with

sðk; i; tÞ ¼ rðk þ 1; i; tÞ � rðk; i� 1; q2tÞ � rðk � 1; i� 1; q2tÞ
þ rðk � 2; i� 2; q4tÞ: ð2:17Þ

If we introduce the polynomials

lkðx; t; qÞ ¼ rkþ1ðx; t; qÞ � xrk�1ðx; q2t; qÞ;
then we get

jkðx; t; qÞ ¼ lkðx; t; qÞ � xlk�1ðx; q2t; qÞ:
These polynomials are analogues of the Lucas polynomials: Define
now the Lucas polynomials Lnðx; sÞ by the recurrence Lnðx; sÞ ¼
xLn�1ðx; sÞ þ sLn�2ðx; sÞ with the initial values L0ðx; sÞ ¼ 2,
L1ðx; sÞ ¼ x.

For q ¼ 1 and k � 2 jkðx; t; 1Þ reduces to

jkðx; t; 1Þ ¼ Lkðxð1 � tÞ þ 1;�xÞ � xLk�1ðxð1 � tÞ þ 1;�xÞ:

For t ¼ 1 we get Lkð1;�xÞ � xLk�1ð1;�xÞ.
In the same way as above we see that the sequence jkðx; t; qÞ

satisfies also the recurrences

jkðx; t; qÞ � jk�1ðx; t; qÞ �
x

q
ð1 � qkþ1tÞjk�1ðx; q2t; qÞ þ x

q
jk�2ðx; q2t; qÞ

and

jkðx; t; qÞ ¼ jk�1ðx; t; qÞ � qkt
Xk�1

l¼1

xljk�lðx; q2lt; qÞ ð2:18Þ
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for k>2 with the initial conditions

j1ðx; t;qÞ ¼ 1þ x�qtx;

j2ðx; t;qÞ ¼ 1�ð1þqtþq2tÞx�q2tð1�q3tÞx2: ð2:19Þ

3. The Main Result

Theorem 3.1. For k�1 the sequence ðakðn; t; qÞÞn�0 satisfies the
recurrence

hkðA; t; qÞakðn; t; qÞ ¼ 0; ð3:1Þ
where A denotes the operator AjwnðtÞ ¼ wn�jðq jtÞ.
This means

akðn; t; qÞ � akðn� 1; qt; qÞ þ
X2k

i¼1

ckði; tÞakðn� i; qit; qÞ ¼ 0; ð3:2Þ

where ckði; tÞ is defined by (2.10) and (2.11).
It also satisfies a second recursion

hk

�
E�1; qnt;

1

q

�
akðn; t; qÞ ¼ 0; ð3:3Þ

where E�jwnðtÞ ¼ wn�jðtÞ.
This means

akðn; t; qÞ � akðn� 1; qt; qÞ þ
X2k

i¼1

dkði; qntÞakðn� i; t; qÞ ¼ 0; ð3:4Þ

where

dkð2i; tÞ ¼
Xi

j¼0

ð�1Þ jt jq
	

j
2



þi�jðiþkÞ

�
i� 1

j� 1

��
k � iþ j

j

�
ð3:5Þ

and

dkð2iþ 1; tÞ ¼
Xi

j¼0

ð�1Þ jþ1
t jq

	
j
2



þi�jðiþkÞ

�
i� 1

j� 1

��
k � iþ j� 1

j

�
:

ð3:6Þ
For k ¼ 0 we have a0ðn; t; qÞ ¼ 1.
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The initial values are

akðn; t; qÞ ¼
X
l�0

ql
2

n

2

j k
l

" #
nþ 1

2

� �
l

2
4

3
5tl for 0 � n � 2k � 1:

Corollary 3.1. Let

akðt; qÞ ¼ lim
n!1

akðn; t; qÞ ¼
X
i2Z

ð�1Þiq
iðð2kþ3Þi�1Þ

2

X
l�jij

qðl�iÞðlþiÞ

ðqÞl�iðqÞlþi

tl

¼
X

n1;...;nk�0

tN1
qN

2
1
þ���þN2

k

ðqÞn1
� � � ðqÞnk

; ð3:7Þ

where we set ðqÞn ¼ ð1 � qÞð1 � q2Þ � � � ð1 � qnÞ.
Then this formal power series satisfies the functional equation

akðt; qÞ � akðqt; qÞ þ
X2k

i¼1

ckði; tÞakðqit; qÞ ¼ 0: ð3:8Þ

Typical Example. As an example choose k ¼ 2. Then

a2ðn; t; qÞ ¼
X
i2Z

ð�1Þiq
7i2�i

2

X
l�jij

ql
2�i2

nþ 3i

2

� �
l� i

2
4

3
5 nþ 1 � 3i

2

� �
lþ i

2
4

3
5tl

¼
X
k;l�0

tkþlqðkþlÞ2þl2
�
n� k � 2l

k

��
n� 2k � 3l

l

�
:

This sequence begins with

f1;1;1þ qt;1þ qtþ q2t;1þ qtþ 2q2tþ q3tþ q4t2;

1þ qtþ 2q2tþ 2q3tþ q4tþ q4t2 þ q5t2 þ q6t2;1þ qtþ 2q2t

þ 2q3tþ 2q4tþ q5tþ q4t2 þ 2q5t2 þ 3q6t2 þ 2q7t2 þ q8t2 þ q9t3g:
For t ¼ 1 this reduces to

a2ðn; 1; qÞ ¼
X
i2Z

ð�1Þiq
7i2�i

2

n�
nþ 7i

2

�" #
:

The sequence a2ðn; t; qÞ satisfies the recurrences

a2ðn; t; qÞ � a2ðn� 1; qt; qÞ � qð1 þ qÞta2ðn� 2; q2t; qÞ
þ q2ta2ðn� 3; q3t; qÞ � q2tð1 � q3tÞa2ðn� 4; q4t; qÞ ¼ 0
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and

a2ðn; t; qÞ � a2ðn� 1; t; qÞ � qn�2ð1 þ qÞta2ðn� 2; t; qÞ
þ qn�2ta2ðn� 3; t; qÞ � qn�2tð1 � qn�3tÞa2ðn� 4; t; qÞ ¼ 0:

From the second recurrence we get for t ¼ 1 the recursion

a2ðn; 1; qÞ � a2ðn� 1; 1; qÞ � qn�2ð1 þ qÞa2ðn� 2; 1; qÞ
þ qn�2a2ðn� 3; 1; qÞ � qn�2ð1 � qn�3Þa2ðn� 4; 1; qÞ ¼ 0:

If we let n ! 1 we get

a2ðt; qÞ ¼
X
i2Z

ð�1Þiq
7i2�i

2

X
l�jij

ql
2�i2

ðqÞl�iðqÞlþi

tl ¼
X
k;l�0

qðkþlÞ2þl2

ðqÞkðqÞl
tkþl:

For this formal power series we get the functional equation

a2ðt; qÞ � a2ðqt; qÞ � qð1 þ qÞta2ðq2t; qÞ þ q2ta2ðq3t; qÞ
� q3tð1 � q3tÞa2ðq4t; qÞ ¼ 0:

If we write

a2ðt; qÞ ¼
X
l�0

dðlÞql2 tl;

then we have

dðlÞ ¼
Xl

i¼�l

ð�1Þi q
5i2�i

2

ðqÞl�iðqÞlþi

:

Comparing coefficients we see that this sequence satisfies the recursion

ð1 � qlÞdðlÞ � ð1 þ qþ q2l�1 � qlÞdðl� 1Þ þ qdðl� 2Þ ¼ 0:

Proof of Theorem 3.1. Consider lattice paths with
� n

2

�
northeast

steps and
� nþ 1

2

�
southeast steps. Let wnðtÞ be the weight of the set

of paths of length n which start at ð0; 0Þ or ð0;�1Þ. From the
properties of the weight function it is clear that these weights are
equal. Let w�

n;kðtÞ be the weight of those paths which begin with at
least k northeast steps, wn;kðtÞ be the weight of those paths which
begin with at least k southeast steps. Let wn;k ¼ wþ

n;k þ w�
n;k be the

weight of the set of paths which begin with at least k northeast steps
or at least k southeast steps.

Consider now the set of lattice paths satisfying �k � 1 � y � k.
Here we have w�

n;1ðtÞ ¼ wn�1ðqtÞ, because of the symmetry of the
weight.
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Therefore

wnðtÞ ¼ wþ
n;1ðtÞ þ w�

n;1ðtÞ ¼ wþ
n;1ðtÞ þ wn�1ðqtÞ;

which gives

wþ
n;1ðtÞ ¼ wnðtÞ � wn�1ðqtÞ:

We observe that each path which begins with 1k, i.e. with at least k
northeast steps, begins with one of the following steps: 1kþ1, 1k01,
1k001; . . . ; 1k0k�11, 1k0k.

Here 1 denotes a northeast step and 0 denotes a southeast step.
For k ¼ 1 this reduces to 11, 10. Therefore we get

wþ
n;1ðtÞ ¼ wþ

n;2ðtÞ þ qtwn�2ðq2tÞ
or

wþ
n;2ðtÞ ¼ wnðtÞ � wn�1ðqtÞ � qtwn�2ðq2tÞ:

The weight of a path beginning with 1k0l1 is the same as qkt-times the
weight of the paths which start at ð0; 2lÞ and begin with 1k�lþ1 for
l<k, i.e. qktwþ

n�2l;k�lþ1ðq2ltÞ. For l ¼ k we get qktwn�2kðq2ktÞ.
Therefore we have

wþ
n;kðtÞ ¼ wþ

n;kþ1ðtÞ þ qkt
Xk�2

j¼0

wþ
n�2j�2;k�jðq2jþ2tÞ þ qktwn�2kðq2ktÞ:

This gives

wþ
n;2ðtÞ ¼ ð1 � A� qtAÞwnðtÞ ¼ h1ðA; t; qÞwnðtÞ;

wþ
n;3ðtÞ ¼ wþ

n;2ðtÞ � q2twþ
n�2;2ðq2tÞ � q4twn�4ðq4tÞ

¼ ðh1ðA; t; qÞ � q2th1ðA; q2t; qÞA2 � q4tA4ÞwnðtÞ
¼ h2ðA; t; qÞwnðtÞ:

With induction we see that in general

wþ
n;kþ1ðtÞ ¼ hkðA; t; qÞwnðtÞ:

Since for a path with �k � 1 � y � k we have wþ
n;kþ1ðtÞ ¼ 0 we get

the recursion

hkðA; t; qÞakðn; t; qÞ ¼ wþ
n;kþ1ðtÞ ¼ 0:

The second recurrence (3.3) can be reduced to the first one by the
following observation: Each path ends in ðn; 0Þ or ðn;�1Þ. From the
symmetry of the weight it suffices to consider the first case. Let now
(for this proof only) wþ

n;kðtÞ be the weight of those paths which end
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with at least k southeast steps, w�
n;kðtÞ be the weight of those paths

which end with at least k northeast steps. Then with the same rea-
soning as above we get

wþ
n;kðtÞ ¼ wþ

n;kþ1ðtÞ þ qn�kt
Xk�2

j¼0

wþ
n�2j�2;k�jðtÞ þ qn�ktwn�2kðtÞ:

This gives the second formula.

4. A Related Theorem

Let Bn;k be the set of all lattice paths in R2 which start at the origin
(0, 0), consist of

�
n
2

�
northeast steps and

�
nþ1

2

�
southeast steps, and

are contained in the strip �k � y � k. By bkðn; t; qÞ ¼ wtðBn;kÞ we
denote its weight.

Then for k�1 it follows in the same way as above that

bkðn; t; qÞ ¼
X
i2Z

ð�1Þiqi2ðkþ1Þ
X
l�jij

qðl�iÞðlþiÞ

�

�
n

2

�
þ iðk � 1Þ

l� i

2
4

3
5

�
nþ 1

2

�
þ iðk � 1Þ

lþ i

2
4

3
5tl: ð4:1Þ

For t ¼ 1 this reduces to

bkðn; 1; qÞ ¼
X
i2Z

ð�1Þiqi2ðkþ1Þ
n�

n

2

�
þ iðk þ 1Þ

" #
: ð4:2Þ

Theorem 4.1. For k � 2 we have the recursion

jkðA2; t; qÞbkðn; t; qÞ ¼ 0: ð4:3Þ
For k ¼ 1 we get

b1ðn; t; qÞ ¼
Y

0�i< bn
2
c
ð1 þ q2iþ1tÞ

and therefore the recursion

b1ðn; t; qÞ � ð1 þ qtÞb1ðn� 2; q2t; qÞ ¼ 0;

which corresponds to the polynomial 1 � ð1 þ qtÞx2.
For n<2k the initial values are given by

bkðn; t; qÞ ¼
X
l�0

ql
2

�
n

2

�
l

2
4

3
5

�
nþ 1

2

�
l

2
4

3
5tl:
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For even numbers we also have a second recurrence: The sequence
bkð2n; t; qÞ satisfies

jk

�
E�2; q2nt;

1

q

�
bkð2n; t; qÞ ¼ 0 for k � 2:

For k ¼ 1 we have b1ð2n; t; qÞ � ð1 þ q2n�1tÞb1ð2n� 2; t; qÞ.
Proof. In this case we have

wn;1ðtÞ ¼ wnðtÞ;
wþ
n;1ðtÞ ¼ wþ

n;2ðtÞ þ qtwn�2ðq2tÞ;
w�
n;1ðtÞ ¼ w�

n;2ðtÞ þ wn�2ðq2tÞ;

and therefore we get

wn;2ðtÞ ¼ wnðtÞ � wn�2ðq2tÞ � qtwn�2ðq2tÞ
and

wþ
n;2ðtÞ ¼ wþ

n;3ðtÞ þ q2twþ
n�2;1ðq2tÞ � q2tq3twn�4ðq4tÞ þ q2twn�4ðq4tÞ;

w�
n;2ðtÞ ¼ w�

n;3ðtÞ þ q2tw�
n�2;1ðq2tÞ:

This gives

wn;3ðtÞ ¼ wnðtÞ � wn�2ðq2tÞ � qtwn�2ðq2tÞ � q2twn�2ðq2tÞ
þ q5t2wn�4ðq4tÞ � q2twn�4ðq4tÞ:

For k>3

wn;kðtÞ � wn;kþ1ðtÞ � qkt
Xk�3

j¼0

wn�2j�2;k�jðq2jþ2tÞ

is the weight of all paths which start with k 1’s or k 0’s and pass
through the points ð2k � 1; 1Þ or ð2k � 1;�1Þ.

This can be written in the form

qktðwn�2kþ2ðq2k�2tÞ � q2k�1twn�2kðq2ktÞÞ þ qktwn�2kðq2ktÞ
¼ qktA2k�2ð1 � qq2k�2tA2 þ A2ÞwnðtÞ
¼ qktA2k�2j1ðA2; q2k�2t; qÞwnðtÞ:

From this the theorem follows immediately.
For the second recursion observe that for even numbers n the path

ends at (n, 0) and therefore the same reasoning as above is possible.

90 J. Cigler



For odd numbers n we could not find a general formula for the
minimal recurrences. We have only computed the first recurrences,
which are given by the following formulas:

b1ð2nþ 1; t; qÞ � ð1 þ q2n�1tÞb1ð2n� 1; t; qÞ ¼ 0;

b2ð2nþ 1; t; qÞ � ð1 þ q2n�1ð1 þ qÞtÞb2ð2n� 1; t; qÞ
� q2n�2tð1 � q2n�1tÞb2ð2n� 3; t; qÞ ¼ 0;

b3ð2nþ 1; t; qÞ � ð1 þ q2n�3ð1 þ q2 þ q3ÞtÞb3ð2n� 1; t; qÞ
þ q2n�7tðq4 � q5 � q6 þ q2nþ1ð1 þ qþ q3ÞtÞb3ð2n� 3; t; qÞ
� q2n�10tðq7 � ð1 þ qÞq2nþ3t þ q4nt2Þb3ð2n� 5; t; qÞ ¼ 0:

Let

bkðt; qÞ ¼ lim
n!1

bkðn; t; qÞ ¼
X
i2Z

ð�1Þiqki2
X
l�jij

ql
2 tl

ðqÞl�iðqÞlþi

¼
X
l�0

dðl; kÞql2 tl:

This gives

dðl; kÞ ¼
Xl

i¼�l

ð�1Þi qki
2

ðqÞl�iðqÞlþi

and X
l�0

dðl; kÞ ¼ 1

ðqÞ1

X
i2Z

ð�1Þiqðkþ1Þi2 :

For k ¼ 1 we get again well-known results:
It is easy to see that

dðl; 1Þ ¼ ql
2

ð1 � q2Þð1 � q4Þ � � � ð1 � q2lÞ :

ThereforeX
l�0

ql
2

ð1 � q2Þð1 � q4Þ � � � ð1 � q2lÞ ¼ ð1 þ qÞð1 þ q3Þð1 þ q5Þ � � �

¼ 1

ðqÞ1

X
i 2Z

ð�1Þiq2i2 :

In this case we have the recursion

ð1 � q2lÞdðl; 1Þ � q2l�1dðl� 1; 1Þ ¼ 0:
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From the recurrence b1ðn; t; qÞ � ð1 þ qtÞb1ðn� 2; q2t; qÞ ¼ 0 we get

b1ð2n; t; qÞ ¼ ð1 þ qtÞð1 þ q3tÞ � � � ð1 þ q2n�1tÞ ¼
X n

k

� �
q2

qk
2

tk:

Therefore we getX
jij�k

ð�1Þiqi2 n

k þ i

� �
n

k � i

� �
¼ n

k

� �
q2

:

For n ! 1 this becomesX
jij�k

ð�1Þi qi
2

ðqÞkþiðqÞk�i

¼ 1

ð1 � q2Þð1 � q4Þð1 � q6Þ � � � ð1 � q2kÞ :

For k ! 1 this gives

1

ðqÞ1

X
i2Z

ð�1Þiqi2 ¼ 1

ð1 þ qÞð1 þ q2Þð1 þ q3Þ � � � :

We conclude this paper by determining the fermionic form of bkðn; t; qÞ.
Here we can apply the same argument as above. We have only to

account for the fact that for the relative height k there do not appear
all possibilities but only those induced by the weight

Fðn; kÞ ¼
n

2

j k
k

" #
q2

qk
2

:

This follows from

b1ðn; t; qÞ ¼
Xn
k¼0

n

2

j k
k

" #
q2

qk
2

tk:

Therefore from (1.6) we get by induction

Fðn;n1; . . . ;nkÞ ¼ qN
2
1
þ���þN2

k

n

2

j k
�
Pk�1

i¼1

Ni

nk

2
4

3
5
q2

Yk�1

j¼1

nþnj�2
Pj
i¼1

Ni

nj

2
4

3
5:

This leads to

Theorem 4.2. The fermionic representation of bk(n, t, q) is given by

bkðn; t; qÞ ¼
X

n1;...;nk�0

tN1qN
2
1
þ���þN2

k

n

2

j k
�

Pk�1

i¼1

Ni

nk

2
64

3
75
q2

�
Yk�1

j¼1

nþ nj � 2
Pj
i¼1

Ni

nj

2
4

3
5: ð4:4Þ
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Remark 4.1. Theorem 4.2 can also be generalized to give an exten-
sion of Theorem 1.2 in FODA and QUANO [5] to arbitrary t:

Let Bn;k;r be the set of all lattice paths in R2 with northeast steps
and southeast steps which start at the point ð0; k þ 1 � rÞ, are
contained in the strip �k � y � k and end in either (n, 0) or ðn;�1Þ.
By bk;rðn; t; qÞ ¼ wtðBn;k;rÞ we denote its weight.

Then for 1 � r � k þ 1 we have

bk;rðn;t;qÞ¼
X

n1;...;nk�0

tN1qN
2
1
þ���þN2

k
þNrþ���þNk

n�k�1þr

2

� �
�
Pk�1

i¼1

Ni

nk

2
4

3
5
q2

�
Yk�1

j¼1

nþnj�2
Pj
i¼1

Ni�maxð0; jþ1�rÞ

nj

2
4

3
5: ð4:5Þ

For this holds for k ¼ 1 since

b1;2ðn; t; qÞ ¼
Xbn2c
k¼0

n

2

j k
� 1 � 1 þ 2

k

" #
q2

qk
2

tk

and

b1;1ðn; t; qÞ ¼ b1;2ðn� 1; qt; qÞ ¼
Xbn�1

2
c

k¼0

qk
2þk

�
n� 1 � 1 þ 1

2

�
k

" #
q2

tk:

If we know (4.5) already for k, then for r>1 it follows immediately
from (1.6). For r ¼ 1 we obviously have bk;1ðn; t; qÞ ¼ bk;2ðn�1; qt; qÞ
from which the corresponding formula follows.
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