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Abstract

In this article the fundamental properties of the physical-mathematical laws are
studied upon which music is based. Thus this article is not a study of music as such,
but a study of the properties of the component elements which are the ‘“building
blocks” of music in the hands of the composers. These “‘building blocks™ are the
musical sound frequencies — the musical tones. It is the intrinsic physical-
mathematical structure of the musical tones, and the interrelationships among these
tones, which is studied. The physical-mathematical properties of the tones, together
with the physical-mathematical laws governing the relationships between the tones,
that forms the musical tone system which is discussed in this article.

The fundamental properties of musical tones (also referred to as intrinsic internal
musical properties) rest upon the laws of physics and mathematics. As such, they are
independent of cultural priorities regarding the perception of beauty in musical tones,
even though these fundamental properties form the basis upon which the various
musical systems are built. The cultural priorities find their way into music via the
composers, the musicians and the public in general.

The arguments used in this article are based mostly upon physics (acoustics) and
mathematics. The language used rests upon the concept of symmetries and leads to a
geometrical interpretation of the basic internal properties of music in the form of a
(mathematically scaled) lattice in a three-dimensional space. Each dimension rep-
resents a ‘‘rescaled octave system”, based upon the three prime numbers 2, 3, and 5.
The (scaled) lattice points represent the possible musical tones — with respect to some
reference tone. The various musical scales are represented by subsets of lattice points
satisfying certain conditions. This geometrical picture leads to a convenient and easy
interpretation of the properties of the individual musical scales, and moreover, serves
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to illustrate clearly the relationships between the various musical scales. As examples,
early western and modern western musical scales are treated in some detail. And,
for the purpose of comparison, two eastern musical scales (Japanese Noh-scales) are
discussed, in addition.

A map of the musical lattice tones from the 3-dimensional geometrical lattice space
upon the line of musical frequencies leads back to the standard theory of musical tones.

A careful distinction needs to be made between the concept of a mathematical
scale transformation, as it pertains to lattice points and musical ratios, and the musical
scales (staff) which are used to write down musical scores (notes).

1. Introduction

This introduction serves as a summary of both standard and well es-
tablished properties of acoustics, as well as a summary of the new results
which are derived in this article based upon those properties [1].

The frequency ratios of the (%)—octave system can be expressed in

the form
1) " o
V11n<n7%,Vo> =2 (1 +§>V0,

5
0<—<1, n=04+1,42,...

27
Vlin(OaO; 1/0) = 1,
vin(n, 1;19) = vin(n + 1,0; 1) (1.1)

with vy an arbitrarily chosen sound frequency (within the range of
frequencies of human hearing). Eq. (1.1) states that the range of
frequencies v}, can be segmented into a set of musically equivalent
intervals, called octaves, distinguished by pitch (2") only. The entire
set, Eq. (1.1) will be called an octave system (Fig. 1).

For a given value of n, the frequency interval

5 s
il 0< 2 <1 12
< +27r>”°’ Sor= (1.2)

will be called the n-th octave, with n = 0 the basic octave. The reason
for this segmentation of the line v of frequencies into (musically

n= e -2 —1 0 1 2

* * ¢ * N N v
v(n,0;v) = 272 27y vy 2up 2%y 23
I/(O, 0 ; I/()) =1

Fig. 1. The standard 2-based octave system with respect to the reference tone v
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equivalent) octaves results from the fact that the human mind perceives
the ratio of two simultaneously sounded frequencies v and 1y

” 2 (1.3)
as pleasing, i.e. as a consonance.

The arbitrarily chosen frequency 1y will be called the reference
frequency for the octave system. The parameter ¢ /27 has been chosen
in this form since 0 < §/27 < 1 represents a cycle (Sect. 3).

An exponential form for the frequency ratios of the (%)—octave
system is given by

Vexp <n7%;VO> = 2n+%1/07 0< % <1, (14)
with
Vexp<07%;yo> :2%1/07 OS%S 17 (15)

the basic octave. Due to the difference in the two laws for 14, and veyp,
the frequencies vj;, and v, differ for ¢ /2m = £/2x for all parameter
values except for the values

b _&_
2 2w

for which the two frequencies agree, Fig. 2. In fact, the parameter
values are related to each other by

6
%:10g2<1+ﬂ>. (1.7)

That is, for a given frequency vji, = Vexp the values of the two param-
eters 6/2, £ /2 disagree, or for the same parameter value 6 /27 = /27
two different frequencies 14, # Vexp are obtained, except for 6 /27 =
¢/2m = 0, 1. The octave property is thus represented by

0,1 (1.6)

v = Uin(n, 05 1) = Vexp(n, 0; 1) = 2"1, (1.8)

i.e. the frequencies for which the two frequencies agree (the conso-
nances of the octave system based upon the reference frequency vy).

The parameter values §/2m = /27 = 0, 1 characterize the octave
tones of the (%)—octave system — namely the initial points and the
endpoints of each octave on the line of frequency ratios, Eq. (1.8) and
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Fig. 1. These octave tones can be looked upon as (scaled) lattice
points on the line of frequency ratios.

Eq. (1.7) is a relationship of musical frequency ratios (defining
musical tones) to the intervals (distances) between musical tones.
That is, for two tones given by vy /1 and v, /1y, the interval between
the two tones is defined as

&1 & Vi 1) Vi
= — > =] — | =1 — | =1 — .
2 2w 082 1) 082 1) 082 1)

Thus, the intervals for the octave tones v/ of Eq. (1.8) with respect
to 1 are given by

£ v log, [ 2
— =1lo — =nlo — = n.
o 22 % 5] 1

This shows that in the lattice picture of musical tones, Fig. 1, the
interval between neighboring lattice points is equal to 1 (i.e., equal to
1,200 cents), while the lattice point n corresponds to the frequency
ratio (%)"

It will be shown that, in addition to the (%)—octave lattice system,

two ‘“‘rescaled octave systems’ can be introduced which are based
upon the frequency ratios % and % These “‘rescaled octave systems”’
are given as

26 = ()

The product of these three octave systems constitutes the musical
tones which are discussed in this article, namely the frequency ratios

NOIO) R

n,m,r integers. Eq. (1.9) can also be interpreted as representing
musical lattice points in a (mathematical) 3-dimensional space.
The interval distances for the ‘“‘rescaled (%)-octave system” are

given by
i =lo § ) =mlo §

and for the “‘rescaled (%)—octave system” by

i—lo ér—rlo é
. 0B2\3) T%\3 )
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The familiar logarithmic formula for the intervals between musical
tones of the type given by Eq. (1.9) then becomes

& v\ 3 5
%—log2 e =n+ mlog, 5 + rlog, 3 ) (1.10)

that is a linear expression in terms of three discrete parameters n, m, r.
The coefficients of Eq. (1.10), log,(2), log,(2) and log,(3), rep-
resent the interval distances along the three lines of the (%)-octave,
and the rescaled (3 )- and (3 )-octaves. See Figs. 8, 9, 13 and 15.
For the lattice points ¢/27 = 0 holds and thus the corresponding
frequencies are well defined and can be compared,
v(n, 0; v /
v 05v0) _ et (1.11)
V(n,a 07 VO)
Since the reference tone 14 can be arbitrarily chosen it is possible
to associate an octave system with any musical tone, in particular also
with the tones of a musical system, like the musical system of the
ancient Greek Lyre, the diatonic Pythagorean musical system, etc.
Considering for the moment the natural diatonic musical system, each

of the tones (the German notation for the tones is used; see Sect. 6)

c d e f g a h c!
=1 En Gu Gn Gw Gn @w 2w (1.12)

serves as a reference tone v for its own octave system

v(n,0;v) = c) ) 0
VLIW=C) o Oz =2 (142 ) =
(I/()ZC) ) l/(n727r77/0 C) < +27T> (VO C),
5 6
n,%,V0:d>:2<l+%>‘(Vo—d),
n7
s

1) 0
2—;V0=€> =2n<1+%> (v =e),

(1.13)

with all the tones 2", properly defined (6/27 = 0), i.e. consonances.
It holds then

v(n,0;v9 = d) o, 1/(
(vo =d)

v(n,0;19 = e) _ o, 1/<
(vo=e)

v(n,0;1v) v
—L = (1.14)
V(n7 07 VO) 140}
Thus, the ratio of the v, octave system with respect to the v octave
system exists and is given by the ratio of the reference frequencies.
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The internal musical properties of a musical system can be expressed
as ratios between octave systems. For the case of the example given
by Eq. (1.12) it holds vy = ¢ = 1, and V/ is any of the 8 tones.

Since early on in time (Chinese sources ~ 600 B.C., Pythagoras
~ 500 B.C.) it has been known that the ratios of the set of numbers ([1]
and [2]),

{1,2,3,4,5,6} (1.15)

yield the consonances, imperfect and perfect, ““within an octave”.
It will be shown that the (smaller) set of the three prime numbers

{2,3,5} (1.16)

forms a basis for the intrinsic musical properties of 3-parameter
musical systems. It are the ratios of the 2-, 3-, 5-based octave systems
from which intrinsic musical properties derive. The musical system
can formally be represented by a 3-dimensional lattice (n, m, r) with
the lattice points corresponding to the musical tones, Fig. 15. The
various musical scales form subsystems of the general system. Thus,
the subsystem (n,0,0) corresponds to the standard octave system,
Fig. 1. The subsystem (n,m,0) contains the ancient Greek Lyre and
the Pythagorean musical system, Figs. 7 and 8. The other musical
systems are contained in (n,m, r) proper.

2. Assumptions
The following assumptions are made:

(a) The sound frequencies considered, as far as they apply to music,
are always understood to be limited to the range of the frequencies of
the musical instruments (¢ to ¢, i.e. 2* Hz to 2! Hz).

(b) The linear change of sound frequencies vy, is given by

Vlin(Oé, V()) = o), 0 < a<oo, (21)

1y some arbitrarily chosen (reference) frequency and « a real parameter.
Then vy, represents all frequencies among which the sound fre-
quencies are contained.

(c) The exponential change of sound frequencies is given by

Vexp(ﬁa VO) = 2[37/07 0 < <00, (2'2)

[ a real parameter. Thus for a given value 1y, and for a given fre-
quency Vi, = Veyp the values of the parameters o and 3 will be dif-
ferent (except fora =1, 3=0and a =2, 5= 1).
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(d) The human mind perceives two distinct tones v and ¢/ (sound
frequencies), which are heard simultaneously, as agreeable (con-
sonant) if they differ by a factor of 2,

vV =2, (2.3)

for any chosen reference frequency v/.
Choosing v/ = v, the frequencies v of this interval are given by
velw,2m) =w[l,2] o —e[l,2] (2.4)
Vo
where the square brackets denote the closed interval 1 < v/vy < 2.
The interval Eq. (2.4), for arbitrarily chosen vy, corresponds to the
primary (basic) octave, with the two endpoints of the interval
v =1, 2 or L 1,2 (2.5)
Vo
forming a perfect consonance.
Taking the consonance property of the octave into account, Eq.
(2.1) can be rewritten in the form (Eq. (1.1)),

6 1) 1)
= — + — < —<< .
1/1m<27r,1/0> V0<1 27T>’ 0_277_ L (26)

where ¢/27 is a real parameter. The values 0 < /27 < 1 then cover
the frequencies of an octave.

Since vy can be arbitrarily chosen, the endpoint of the octave Eq. (2.6)
can also be chosen as the starting point of an octave, namely the octave

) o o
in 72 =2 1 ) < < 17 2.
" < 27 Vo) v < * 27r> 0 27 27)

and, since moreover the choice of 1y does not affect the octave prop-
erty (perfect consonance), the octave Eq. (2.7) has again the prop-
erties of the octave (2.6), except for a difference in pitch, 1 being
replaced by 214 (a rescaling). The line of all sound frequencies v can
thus be segmented into octaves which have identical musical prop-
erties, except for the pitch (a rescaling of the basic interval |1, 2])

6 0
Uin (n’ﬂ; Vo) = 2"y <1 + ﬂ)’

6
=0,£1,+£2,... 0<—<1 2.8
n ’ ’ ) ) _271'_7 ( )

where n = 0 represents the basic octave. Note that due to the octave
property the negative values n = —1,—2,—3,... can be ignored
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since for any value 27" the octaves can be rescaled by the factor
2n+m’

5 5
2n+m.2—nyo<1+%>:2my0<1+%>, m=0,1,2,... (2.9)

reproducing musically identical octaves (except for the pitch). Thus,
henceforth the values for the integer n will generally be restricted to
nonnegative integers. It is important to note that the musical properties of
all octaves are the same because they are given as ratios of frequencies.
Thus the scaling factors cancel and the ratios remain the same.

For the parameters 3 of Eq. (2.2) the form &/27 will be chosen.
Then the octave property applied to Eq. (2.2) yields
Vexp (n,%;m) = 2" o< % <1, n=0,1,2,... (2.10)
again segmenting the frequencies into octave intervals of identical
musical properties, except for the pitch.

The notation 6/27 and £/27 for the parameters o and (3 has been
adopted in view of their significance to symmetry cycles (Sect. 3).

14

22=4

Vin/vo = 27(1 + %) — |

21 =2

Vin/Vo
Vexp/vo |7

20=1

Fig. 2. The curves vji, and Ve, as functions of the parameter n + (6/2). It holds

that viin /1 = Vexp/ 10 if, and only if, /27 = £/2m = 0, 1. These two values define

the octave tones. For all other values 0 < §/2m, £/2m <1 the two frequencies v, and
Vexp differ
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(e) Thetwo frequencies v;, and vy, given by Eq. (2.8) and Eq. (2.10)

agree for the parameter values

2 = £ =0,1.

2r 2w
These parameter values define a lattice tone. For all other parameter
values there is a discrepancy between the frequency vy, and the fre-
quency Ve, (Fig. 2).

(f) The octave property (consonance of the tones v and 2v) is as-
sumed to be universally true, all humans having essentially the same
receiving and analysing mechanism in their ear. The interpretation of
the analysed signal in the human mind will however depend upon
cultural influences. After all, the interpretation of the ratios of fre-
quencies %, 45‘1’ % as consonances or as dissonances has changed with
time. Thus, while cultural influences do lead to different types of music,
reflecting itself in different musical scales and involving different
tones, the underlying musical structure upon which the various types
of music are built remains the same.

3. Cycles and Symmetries

If the frequencies are set to be equal it holds

o

T
6 3
< — =<1 =0,1.2,... N
0_27"'7 27_‘_— ) n 07 ) ) (3 )
with
3 6 6 3
= =1 1+— 0<— = <1 3.2
s 082 +27r ’ —2n’ 2w~ (3.2)

(the inverse function to Eq. (3.1)).

The octave property, that is the equivalence of the endpoints of an
octave interval, combined with the equivalence of all octaves of the
octave system, Eq. (2.8), suggests to look upon the octaves as cycles.
The endpoint of the n-th octave,

0 o
=2"y( 1 +— —=1
v v ( * 27T> ’ 2r
is also the beginning point of the (n + 1)-st octave,

0 0
:211+1 1 . _:O
Y VO( +27T>’ 27 ’
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which, in turn, is equivalent to the beginning point of the n-th octave
(except for a scaling factor),

o 0
=2"| 1 +— —=0.
v VO( +27T>’ 2T

Thus, each octave can be represented as a frequency cycle

1) 1)
exp i2r Y =exp |2m2"|[ 1 +— | | = exp |i272" —|,
1) 2 2
exp [i272"] = 1. (3.3)

Eq. (3.3) maps the n-th octave upon a circle exp[i2m¢|, 0 < ¢ < 1,
such that for each value m one cycle is completed,

1 5§ 1
—(m—1)<—<—m  m=123...2" (3.4)

That is, the n-th octave loops the circle 2" times (the scaling factor).

The exponent n + (£/27) in Eq. (3.1) describes for 0 < £ /27 < 1 the
nonlinear (exponential) behaviour of the n-th octave. This exponent
can thus be used to characterize the n-th octave,

€Xp [iZﬂ'(n +%>} = exp |:i271'%:| = exp [i27r10g2<1 +%>],
(3.5)

where now 0 < £/27 < 1 represents a single cycle for any octave.
The two cylindrical spirals (Fig. 3)

Sp <n2‘;> = <(x,y) = exp [i27r2" 2‘;] = 2”(1 +2‘;>> (3.6a)
so(n ) = (1 o et (122 (14.2)).

5
0<—<1, n=0,1,2,... 3.6b
_2ﬂ'_ ) n P A ( )

intersect at the two endpoints of each octave n, §/2m = &£/2m =0
and 6/2m = &/2m = 1. Thus, while one loop of a logarithmic spiral
defined in Eq. (3.6b) is completed, the spiral given by Eq. (3.6a)
completes n? loops in a linear manner for each octave n.

A cylindrical spiral description has also been discussed in [3].
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P B
= Sin o
16 I N
Sp(n, 6/2m) !
§ 15 TS
= ((L y) = exp {i27r2"2—} =
T |y "y ” —‘j-,
z=2"(1 +6/27r)) \
0<6/2n<1, n=0,1,2,... L Tee
n=3 -
12 N TS
Sp(n, ¢/2m) ===
, 6 - '
= ((x,y) = exp{ﬂwlog2 (1 +Er)}’ = =
z=2"(1+ 6/2%))
§/2m = log, (1 + 6/2m) ° '~\\
i Sp (n,£)
0<¢2r <1, n=0,1,2,... S ~ -
’i'
\\ 7 r“ts.
n=2 3
one &/2x cycle, 0 < ¢/2w < 1, S e
corresponds to - !
2" cycles §/2m,0 < §/2m < 1, . 5,
(1/2)(m—1) < 6/2m < (1/2")m, %
m=1,2,...,2" = T
4 R
n=1 =
3 | ‘\: /Sp ("v%)
e
5 y
2m F3 1 s & /
cycles 27’ 21

Fig. 3. The cylindrical spirals Sp(n,/27) and Sp(n,&/2n). These spirals show the
cycle structure of the musical octave system. The parameter 6 /2 is used for both spirals

An expression for the (2/1)-octave property — restricted to the
plane — is given by the spiral

v v 6 6 6
— )| =— 2r—| =2"14+— 27—
Sp<y0> ” exp [1 7T27r:| ( +27r> exp [z 7T27r:|,

0
=0,+1, £2,... 0<—<1 3.7
n ) ) ) ) o= ) ( )
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”:2"<1+i> = ot

Y 2T

n-th octave, 0 < % <1

. 5\ . n=0,+1,42, ...
Sp (1) — 1 61271'% — 2n <1 + _)61271'% ;
2 2r 0

Fig. 4. This is an illustration of the (2/1)-octave property as a spiral structure in the
plane. This spiral structure is the cause for the logarithmic (exponential) law for the
frequencies Vexp

where n denotes the n-th “expanding loop™ around the origin of the
plane, Fig. 4.
4. Derivation and Analysis

In this section the basic results of this article are derived and
discussed.
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Eq. (3.1), the basic equation for the familiar 2-based octave system,
can be rewritten in the form

Vo142 mok (g (14222 ) = n-kokt(E/2m)
0 2w 2w

(4.1)

where the integer n denotes the n-th octave, and the integer k takes on
the values
k=0,1,2,...,n.

Rewriting Eq. (4.1) in the form

1)
1 o 2n—k(2k . 1) — 2n—k<1 + 2k2_> — 2n—k(2k+(£/27r) o (2k o 1))’

) ™
(4.2)
it is seen that the factor
(1+2"i>, k=0,1,2,....n (4.3)
27
in Eq. (4.2) has the property
0 0
1§<1+2’<%>§1+2", 0< <1 (4.4)
and represents a cycle based upon the number
142, k=0,1,2,...,n. (4.5)
That is, cycles based upon the numbers
2,3,5,9 (=3%),17,33,... (4.6)

are obtained. Considering Eq. (4.2) for the special case of n =k, it

follows
v v 1
—=— -1 = (142" —
Vo 140 ( ) < + 27‘(’)

— ok+(&/2m) _ (2k _ 1) _ (] + 2/{)(5//277)7
¢ "
o = logpn (2727 — (2 — 1))

6
= log (1,21 <2’<<1 + ﬂ> —(2F - 1))

0
= log(l_,’_zk) <1 + 2kﬂ>7 (47)
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with

) 6 & ¢
26 112 o< S S oy k=0,1,2,....
+27r’ — 27’ 27’ 2« T

Thus, from Eq. (4.7) follows

6 . f’ 1)
<1 +2k%> (1 +28)€2 o 10g(1+2k)< +2k%>,
(1 +2k ( +2k ) ( +2k W+f/271’)

A
k=0,1,2,. 0< 6 £ (4.8)

271'_ 1,

which is the basic law for (scaled octave) cycles based upon the
numbers (14 2%), w=0,41,42,.... The value k = 0 yields the
familiar 2-based octave cycle,

5
1 25/27(

n 6 _ Hn+(§/2n) £ _ 6
2C+%>_2 L p=lom (145 ). (49)

The value k = 1 yields the 3-based octave system

0 /
1 - — & 2n
(1e2p) =2

3m <1 + 2i> _ 3m+(£’/27r)
2 M

s

3 1 14(¢/27) 6
= = 1 2 T —1)=1 1+2—
27 log,3 0g; ( ) =logz( 1+ 7 )

o
3"1/() S 3m1/()(1 + 22—> S 3m+ll/0

™

5 3 £
=0,1.2,... < — = =<1 4.1
m=0,1,2,..., 0 2’ 27’ 2w~ (4.10)

and value k = 2 yields the 5-based octave system

<1 +2Z26> :55///271'7
™
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5" (1 + 22£> _ 5”+(£"/27r)’

2w
r r 2(S r+1
S <57 (14+22 =) <57y,
2w
g// 24 5
> = 22+(€/2m) _ 3} — 14222
5~ = logs( 3) =logs (1+2°— ),
6 § é’//
=0,1,2,... 0<—, = 2<1 4.11
r 3y Ly~ 9 _27_[_7 27T7 271'_ 9 ( )

Fig. 5 and Fig. 6.
Higher scaling factors appear not to contribute, possibly because the
scaling becomes too large, involving too many (%)—octaves (see Fig. 3).
Considering Eq. (4.2) for the special values n =1, k=0 and
n=2, k=1, it can be seen that the numbers 4 and 6 are in fact
composite numbers, namely 2.2 and 2.3. That is, they are built up
from the basic set (2, 3, 5)

§
n—Lk—ﬂ:-i—2.0+__>—22W%%
2] 2w

6 &
fi —=5-=1 4.12
or 27 27 ( )
and
)
nzzk:ﬁ:-5—2:z<1+z_>:2@ww%h4)
120 2
o6 &
fi —===1. 4.13
o 27 27 ( )

The 2-based, 3-based and 5-based octave systems are called octave
systems since they carry the octave system properties of the standard
musical octave system, which is based upon 2. This property is
inherited from the original 2-based octave system since the 3-based
and 5-based octave systems are obtained by means of similarity
(scaling) transformations which do not alter the musical properties
(ratios). This is analogous to the manner by which the n # 0, 2-based
octaves, inherit the properties from the basic n =0 octave,
vy < v < 21, by means of the scaling transformation

0 o
I +— 0<—<1. 4.14
< +27r>’ — 27 ( )

™
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For example, scaling the basic octave n = 0 one obtains

1) ) 1) )
_ < — < — < —< .
<1+27T>V0 < <1+27T)l/_ <1—|—27r>21/0, 0_27r_ 1, (4.15)

which yields for 6/27 = 1 the scaled octave n = 1,
2y < V' =2v < 2%y,
that is, the next octave (together with its inherited musical properties).
The scaling (similarity) transformation which carries the

(14 2%(8/27))-based octave into the (1 + 2¢+1(§/27))-based octave
is given by

(1+ 281 (8/2m))
(1 +2%(6/2m))
which for §/2m = 1 yields the scaling ratios
2 (1 + 2k+1)
17 (1428
The combined octave system consists of the product of the three
octave systems given by the product of the scalings

mmn=(2)(3)(5) (@17

(n,m,r) = (100)"(010)"(001)", (4.18)

(4.16)

k=0,1,2,3,....

It follows that

where
(100)", (010)™ and (001)", nym,r=0,+1,+2 (4.19)
represent the (2)-based, (3)-based and (3)-based octave systems with
respect to a frequency (tone) vy,
v=(100)"vy, v =(010)"vy, v = (001)"ry,
n,m,r=0,+1,+2 .... (4.20)
The three elements
(100), (010), (001) (4.21)

can be considered to be linearly independent orthogonal basis elements
of a 3-dimensional space. Then the correspondence

(n,m,r) < n(100) + m(010) + r(001) = ¢(n,m, r) (4.22)

maps the elements (n,m,r) upon the lattice points ¢(n,m,r). This
map yields a (scaled) lattice for the system of musical tones. For
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simplicity the lattice points £(n, m, r) will henceforth also be denoted
by (n,m, r) as there is little chance for confusion of the two meanings
in the context of this article (Sect. 7).

The definition Eq. (4.17) also shows that the multiplication of two
frequency ratios (numbers) is equivalent to the vector addition of the
exponents. Both operations will be used interchangeably.

The numerical condition

A< (nmr)<B (4.23)
defines the lattice points (n,m,r) for which the musical ratio, with

respect to a chosen reference frequency vy, falls within the parameter
values A and B. Thus, for A = 1 and B = 2, the condition

<?>0:1§(n00)§<?>1=2 (4.24)

implies that n = 0, 1 only. That is, the basic n = 0, 2-based octave, with
the lattice points (tones) vy (= ¢) and 21 (= c') is obtained. Similarly

<%)0:1§(0m0)§<%)] and <§>0§(OOr)§<§>l

(4.25)

yield m = 0,1 and r = 0, 1, the basic m = 0 and r = 0, 3-based and
5-based octaves corresponding to the tones ¢, g and ¢, a of the lattice.
The numerical condition

1 < (n,m0) <2 (4.26)
is equivalent to the condition
e < 3m o gmentl (4.27)
This condition leads to the extended Pythagorean scale, Sect. 7 and
Fig. 9.
The general condition
1 <(n,mr)<2 (4.28)
can be reformulated as
20 < 3b5e < patl (4.29)
with
a=m—n,
b=m-—r,

c=r, (4.30)
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corresponding to the elements/lattice points
(mn=b+c—a, m=b+c, r=c). (4.31)

The various lattices shown in the figures can be derived from Eq. (4.23).
They define, via their lattice points, the intrinsic musical properties
of a musical system. External requirements, like the requirement of
“equal spacing” between tones for mechanical instruments of western
culture (%) will cause disturbances of the symmetry of the musical
lattice, i.e. will “break its symmetry.”

5. Results and Summary

The musical tones, defined by their frequency ratios, can formally be
looked upon as lattice points (vectors) in a 3-dimensional lattice
space. The lattice lines represent — in a formal way — “rescaled octave
systems”. That is, the lattice points along the (%)—octave line
correspond to the octave tones ¢”, n =0, =1, =2, .... The lattice
points along the rescaled (5 )—octave line correspond to the tones with
frequency ratios (2)",m =0, 1, £2,.... The lattice points along
the rescaled (g)—octave line correspond to the tones with frequency
ratios (%) , r=0,%+1, 2, .... All tones of the 3-dimensional
. 2 n 3 m 5 r

lattice system are then given by the frequency ratios (—) (5) (3) -
the so-called numerical values of the lattice points (n,m, r). These
numerical values represent a map from the lattice structure onto the
line of frequency ratios — the standard theory of musical tones.

A geometrical picture for the 3-dimensional musical tone system is

thus given by

{onrd)- (TG

y (1 + (6/%))”(1 +2(6/27r)>s

1 1+ (6/27)
142%(6/2m)\'
— =) 5.1
X<1+2(5/27r) Yo (5-1)
6
nomr=0+1,+2...., Lst=0,1, l+s+t=1, 0<2—<1
7

whereby the frequency ratios

(e 2=0) fou= () () (2 =mer 52
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correspond to the musical tones of the system, namely the octave
system, having the property /27 = £/2m =0, 1.

The musical system (5.1) rests upon three octave systems, namely
the systems

o o
y(n,0,0; —) :2”<1 —|——>1/0, n=0,+1,42,...
27
(2-based octave system),
V<0,m,0 > 3”‘(1—{—2—)V0, m=0,+1,£2,...
(3-based octave system),
U<0,0,I", i) <1+ )1/0, r=0,£1,+£2,...
27

(5-based octave system), (5.3)

0
0<—<1.
S5-5

The relationship between the two bases used in Eq. (5.1) and
Eq. (5.3) is given by

GIOIO R

n=n—m, n=n+m+7r,
m =m-—r, m=m+7r,
r/:}"7 r:r/.

The scaling factors between these octave systems are given by

0080 (2Y (0L g 4,40
20 1 1 ’ A

v(0,m,0;6/2m)  (3\" (14 2(5/2n)) B
w(m,0,0,6/21) <§> 1 (02m) m=0,+1,+2,...
v(0,0,r;6/27)  (S\"(1+2%(8/21)
W—<§> m, r=0,41,£2,...
03%9 (5.5)
with
v = 1/(0,0,0; 0) (5.6)

the reference frequency.
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Forn=0,m=0, r =0, §/2r = 0, the three ratios

ONOETCR
are obtained.

The composite musical octave system (5.1) is given by the product
of the three (6/27)-dependent scaling factors (5.5). The scaling factor
6/27 can be changed for only one of the three scalings (5.5) at a time
resulting in the condition ¢,s,¢ = 0,1, with £ 4+ s+ = 1.

The ratios

v riof2n =0) G)(%)m(%) = (nmr)  (58)

correspond to the musical tones (6/2m = £/27 = 0) of the musical

lattice system with respect to the reference tone 1. These frequency

ratios can be represented as lattice points of a 3-dimensional lattice

with the distances between the lattice points along the three axes scaled

by the factors (%)n, (%)m, (%)r, respectively, Fig. 12 and Fig. 15.
In turn, for fixed values n, m, r, the frequency V(’),

, 5 2\"/3\" /5
VO—V<I’l,m,}", ﬂ—0>1/0— <T> <§> <§> Vo, (5.9)

can be chosen as reference frequency for a musical lattice system
with respect to the tone 1. Then

V(n’,m’,r';%) _ (%) " (g)m @) ;
y (1 + (f / 2”)>[ (1112((5(7227:;)> | <111222((<;S // 2277:)))[ v,
(5.10)

is an equivalent musical system with respect to the reference tone 1.
Its musical tones, with respect to 1, and with respect to 14, are given
by the lattice points

v(n',m' r;6/21 =0)

/
Y

= (n',m',r"), with respect to v,

v(n' —n,m' —m,r —r;6/2m = 0)

20
= (n' —n,m —m,r" — r), with respect to vp.
(5.11)
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Thus the ratio of the tones of the 1-based octave system with
respect to the tones of the vy-based octave system

vy v(n',m' r;0) (2N 3\ 5 (5.12)
vo v —nm —myr —r;0) \1 2 3 '
can be looked upon as the defining ratio of the musical tones which
correspond to the two frequencies v, and 1. That is, each musical
tone has associated with it its own lattice octave system with all its
tones defined by (6/2m = &£/2m =0, 1), and the musical ratio /vy
for tones is a ratio between their associated lattice octave systems.
The interval factors between two distinct tones (n,m,r) and

(n',m', 1) of a given musical system with respect to a fixed reference
tone vy is given by

(nm,r) — (', m' ) =m—n'm—m' r—7r) (5.13)
and it holds for the tones of a musical scale that

Z(namv r) == (N7070)7 (514)
where the sum is over all tones (n,m,r) of the scale and N is the
number of 2-octaves of the scale.

Most of the musical tones encountered in this article can be found
in the list of tones given in [4]. The basis used in [4] is

c'/e=2/1 =(1,0,0) = O (Octave)
e/c=5/4 =(-1,1,1) =T (Terz)
g/c=3/2 =(0,1,00 =0 (Quint).
The basis used in this article is
c'/e=2/1 =(1,0,0) = O (Octave)
g/c=3/2 =(0,1,0) =0 (Quint)
afc=5/3 =(0,0,1) =S (Sixth).
The two bases are mathematically equivalent. They are related to
each other by
T=e/c=5/4=05/0=(-1,1,1),
S=a/c=5/3=0T/Q=(0,0,1).

6. Examples and Applications

In the following, various musical scales are listed in order to illustrate
the results obtained. For ease of comparison, both the standard frac-
tions for the tones and intervals (factors) and their internal structure
(n,m, r) is given. Note that English 5 and b correspond to German b
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and h, respectively, and that (nmr)/("'m'r') = (n —n',m —m/';r — ¥)
are the interval factors.

6.1. The 2-Based (Standard) Octave System

The 2-based (standard) octave system is fully characterized by the
subset {(7,0,0) = (2)"; n=0,£1,£2,...}

2 1 O—c P 2
| 2N
e 1/4 1/2 1 2 4
. (-200) (-100) (000) (100) (200)
” \/\/\/\/
interval (100) (100) (100) (100)

factor

The ancient Greek Lyre and the Pythagorean musical scale are based
upon the subset {(n,m,0); n,m =0,+1,£2,...}.

6.2. The Ancient Greek Lyre

_ (2\"(3\™, _
{(n,m,O)—(T) (E) ;nym=0,£1,£2, ...}

c f g c!

v.

e 1 4/3 3/2 2

. (000) (1-10) (010) (100)

" N\ /\/

interval (1-10) (-120) (1-10)

factor

4/3 9/8 4/3

6.3. Pythagorean Diatonic Musical Scale
{(n,m,0)=(2)"(3)"; n,m=0,£1,£2,...}

7 1

c d € f g a h c
Vlo. 1 9/8 81/64 4/3 3/2 27/16 243/128 2
Vl; (000) (-120) (-240) (1-10) (010) (-130) (-250) (100)
’ \/\/\/\/\/\/\/
interval (-120) (-120) (3-50) (-120) (-120) (-120) (3-50)

factor

9/8 9/8  256/243 9/8 9/8 9/8  256/243

Syntonic comma: §Y = (%)1(%)73(%)1
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6.4. The Natural Diatonic Scale
{(n,m, r) = (%)n(%)m(g)r, n,m,r = O,il,:tZ,...}

c d e f g a h ct
V—”O: 1 9/8 5/4 4/3 3/2 5/3 15/8 2
. (000) (-120) (-111) (1-10) (010) (001) (-121) (100)
AV AVAVAVAVAVAV
intg:al)r (-120) (0-11) (2-2-1) (-120) (0-11) (-120) (2-2-1)
9/8 10/9 16/15  9/8 10/9 9/8  16/15
6.5. The Chromatic Scale, Major
{(n,m, r)= (%)"(%)m(g)r;n,m,r =0,£1,£2,... }
c cis d dis e f fis g gis a ais h c!
25 25 15
18 16 8
\/\/\/\/\/\/\/\/\/\/\/\/
15 15 15 15

(000)  (-212) (-120) (-332) (-111) (1-10) (-102) (010) (-222) (001) (-213) (-121)  (100)

NN NN NN NN NNNN/

(-212)  (11-2) (-212) (2-2-1) (2-2-1) (-212) (11-2) (-212) (2-2-1) (-212) (11-2) (2-2-1)

6.6. The Chromatic Scale, Minor
Lnm,r) = ()" (3)"(3) smam,r =0, 41,42, ...}

ges

VAAAMAAAAAAN

(000)  (11-2) (-120) (10-1) (-111) (1-10) (20-2)  (010) (2-1-1) (001) (11-1) (-121)  (100)

NN N/ NN NN NNNANN/

(11-2)  (-212) (2-2-1) (-212) (2-2-1) (11-2) (-212) (2-2-1) (-212) (11-2) (-212) (2-2-1)

o
@
®

AN S

1
»
°

oo R
wios
Njw Q@
oo
clo o
ol
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6.7. NOH (Theatre, Dance) [2]

NOH, tone system for singing with respect to tone c.

{(n,m,r)=(3)"(2)"(3)"; nymr=0,£1,£2,...}

minor seventh
[ ]
fifth forth forth fifth

. Il Il ] Il I
3571) fisTt q=t pt d e fis g a h ct el

5/8 25/36 5/6 15/16 9/8 5/4 25/18 3/2 5/3 15/8 2/1 15/6

(-211)  (-202)  (-101) (-221) (-120) (-111) (-102) (010)  (001) (-121)  (100)  (011)

NN N NANNNANNNN/

(0-11)  (10-1)  (-120) (10-1) (0-11) (0-11) (11-2) (0-11) (-120) (2-2-1) (-111)
10/9 6/5 3/4 6/5 10/9 10/9 27/25 10/9 9/8 16/15 5/4

Z(nmr) = (200) two octaves

h7L, e, a: “nuclear tones”

6.8. NOH [2]

Transverse bamboo flute, Noh-kan

{(n,m,r) = (%)n(%)m(%)r, n,m,r:O,:I:I,:I:Z,...}

25/24  75/64 5/4 25/18  25/16  125/72 2/1 75/32
cis dis e fis gis ais ct dist

(-212) (-332) (-111) (-102) (-222) (-213) (100) (-232)

NN NN NN NS

(-120) (2-2-1) (0-11) (-120) (0-11) (3-1-3) (-332)

144/125  75/64

3/8 16/15 10/9 9/8 10/9 (0/78 048

7. The Scaled Lattices

In this section the scaled lattices and their musical contents are listed
for those musical scales which were discussed in this article. These
lattices represent the internal structure of the musical tones and of the
interval factors associated with them.
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w \2) (1+2)

(%) based octaves

v (3)"’%

B. J. Gruber

() (+3)

(%) based octaves

(CORC I [€) &3 (223 g octave

gt g g g°

3 1 3) (3)? ¢ octave

¢! c ct ? 2\
)

(CORRCIe [€ ) GG DD f octave

2 ! f ft

{efog, et}

Fig. 7. It shows part of the (n,m,0) lattice with the four tones of the ancient

(n,m) = (3)"(3)"

Greek Lyre

(%) based octaves
25 |5 Jos) a5 @5 |39

3 EA ES

(-24) |(-14) f(04) (14) (24) (34)

(3) based

octaves

(-13) | (03) (13) (23) (33)

o \ \E &l a2 a3 at

22 ety Jon  |az) (e |62

=1 d dt d2 a3 a4

(-21) (-11) (01) (11) (21) (31)

972 9~ \ X gt 92 g3
(20) [(-10) “1(00) (10) (20) (30)

(21 |n o Mey e |6

Fig. 8. It shows a larger portion of the (n,m,0) lattice with the tones of the diatonic

Pythagorean scale indicated in it
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n= -3 -2 -1 0 1 2 3 4 5
m=
5
(-2,5) | &
4
(-24)[ e
%:11
3
-13)| @
27
2
(-1,2)| d
9
1 8
o,1)f 9
0 c

0,0) [ (1,0) | (L
2

RENEG
4
2-2)| &
lﬁﬁ
-3
(2-3)| e
32
4 27
(3-4)| @s
128
_5 BT
(3!_5) EES
2
i b
(4,6) | ges
1,024
729
1

c des d €s € f ges g as a b n c

(0,0) (3,-5) (-1,2) (2,-3) (-2,4) (1,-1) (4,-6) (0,1) (3,-4) (-1,3) (2,-2) (-2,5) (1,0)
N/N/N/N/N/N/N/N/N/N/N/N/
a B o 8 a a B8 a B a B a ¥ (n,m)=(1,0)
Interval vectors/factors:
a=(3,-5) ; 256/243
B=(-4,7); 2,187/2,048, Bat = (—7,12) the Pythagorean comma,
o785 =((2/1%3/27%)" ((2/1)43/2)7)" =2

Fig. 9. It shows an extended Pythagorean scale consisting of 12 tones
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O\:Amvmﬁmflﬁv = O\R%ﬂv = (12‘1—) Y
0 (8)o(§)o(z) = () = (T'0‘0)r
0y(O(@olz) = (= (0T'0)7 b

0ny(§),-(8): (R = @)= (0‘1-‘D1

0 (§)(5)-F) = M@= (T1) 2

0y (08— = mF) = (1)
o:oﬁmvoAm oAmv = 011 = 8 ‘0 “ov\N 9

WOYSAS 9ABID0 POseq-¢
pue O\A%NN+ 1).G = (40 ‘0) wa9sAs 0ARIO0 paseq-G Wsamaq olyel Juifeds :g/g
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nq ‘Lreagrqre we 07 qym 07+ ,(€/6)w(e/€)u(1/g) = (4w ‘u)a souoy jo d[qe,
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V(_27 17 2)

cis

dis

lO|OO
Y~

¥(~1,0,2)
v(~2,2,2)
V(_27 1a 3)

v(1,1,-2)

fis

gis

ais

des

©oho

v(1,0,-1)

es

oho

Each tone v(n, m,r) can be considered as a reference frequency

for the 2-based octave system

(%)T, 1/0) v(n,m,r)

’

m

?)

) 2\7/
(1+4) (B (
Fig. 10. It shows explicitly the internal structure of the musical tones for the chromatic musical scales

7)

/.
’

v(n',m' r
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Fig. 12. It contains the tones of the natural diatonic scale, the chromatic scales (major and minor) and the two Noh scales
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Harmony-Triads (Dreiklang)

The triads are given by

{ (n,m,r), (n=L,mA1,74+1), (n,m+1,r)}, (nym,r) = ($)™(3)™(5)"

n,m,r=0,%1,+£2,...

Examples:
{(0’0’0) ) (_1’171) ) (OaLO)}
1 @it
c e g9
{(0,1,0) ) (=1,2,1) > (0,2,0) }
) @@= @)=y
g h dt etc.
{(0,-1,0) , (-1,0,1) , (0,0,0)}
(2)- ()1 (3H1(5)=2 1 (2)-2
! a~t c
{(1,-1,0) ) (0,0,1) s (1,0,0)}
G HE) =3 § h @)
f a ol
{(0,0,1) s (-1,1,2) s (0,1,1)}
@ GHE-E D@
a cist el
factors: %:(—1,1,1) g:(l,o,&) note: scaling factors
(intervals) (%)n(%yn(%)r

cancel in ratios

Fig. 14. It shows how triads can be easily identified graphically in the lattice given in
Fig. 12 or Fig. 15
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ssed in this article.

all the scales discu
spectively (Fig. 9)

b, es, as, re

¢, which contains
t

tone

orrespond to the Pythagorean tones

al lattice, with respect to the reference

6, 3, v of this figure ¢

Fig. 15. It gives that part of the music
Note that the tones
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