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Abstract

Our aim is to present some generalized stability results of Ulam-Hyers type for
�-quadratic functional equations of the form Q�ðFÞ ¼ 0, where �2f1; 2g, Q�ðFÞ is
given by

Q�ðFÞðu; vÞ :¼ Fðuþ vÞ þ Fðuþ SðvÞÞ þ ð�� 1ÞðFðu� vÞ þ Fðu� SðvÞÞÞ

� 2�
�
FðuÞ þ FðvÞ þ F

�
uþ SðuÞ þ v� SðvÞ

2

�

þ F

�
u� SðuÞ þ vþ SðvÞ

2

��
;

and the unknown function F is defined on linear spaces Z ¼ X1 � X2 and S ¼ SX1
:¼

PX1
� PX2

.
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1. Introduction

Different methods to obtain stability properties for functional
equations are known. The direct method revealed by HYERS in [17],
where the Ulam’s problem concerning the stability of homomor-
phisms was affirmatively answered for Banach spaces, arrived at a very
large extent and successful use (see, e.g., [1], [3], [32], [16], [22]).



The interested reader may consult [13], [18], [10], [11] and [19] for
details.

On the other hand, in [27], [5] and [6] a fixed point method was
proposed, by showing that many theorems concerning the stability of
Cauchy and Jensen equations are consequences of the fixed point
alternative. Subsequently, the method has been successfully used, e.g.,
in [7], [8], [31], [21], [20] or [24]. It is worth noting that the fixed point
method introduces a metrical context and better clarifies the ideas of
stability, which is seen to be unambiguously related to fixed points of
concrete contractive-type operators on suitable (function) spaces.

We present some generalized Ulam-Hyers stability results for
functional equations of �-quadratic type. By using both the direct
method and the fixed point method, we slightly extend the results in
[25], [26], [9], [16], [22], [28], [29] and [30].

2. Functional Equations of k-Quadratic Type

Let X1;X2 and Y be real linear spaces and consider the Cartesian
product Z :¼ X1�X2 together with the linear selfmappings PX1

;PX2

and S, where PX1
ðuÞ ¼ ðu1; 0Þ, PX2

ðuÞ ¼ ð0; u2Þ, 8u ¼ ðu1; u2Þ2Z,
and S ¼ SX1

:¼ PX1
� PX2

. A function F:Z ! Y is called a �-qua-
dratic mapping ð�2f1; 2gÞ iff it satisfies, for all u; v2Z, the following
equation:

Q�ðFÞðu;vÞ :¼FðuþvÞþFðuþSðvÞÞþð��1ÞðFðu�vÞþFðu�SðvÞÞÞ

�2�
�
FðuÞþFðvÞþF

�
uþSðuÞþv�SðvÞ

2

�

þF

�
u�SðuÞþvþSðvÞ

2

��
¼0: ð2:1Þ

Notice that, whenever Z is an inner product space, FðuÞ ¼
a � kPX1

uk� � kPX2
uk2

, �2f1; 2g, defines a solution of ð2:1Þ for each
a2R.

For � ¼ 1 a solution F:Z ! Y is called an Add Q-type mapping.
If F is a solution of (2.1) for X1 ¼ X2 ¼ X, then X�X 3 u ¼
ðx; zÞ ! f ðx; zÞ :¼ FðuÞ2Y is an additive-quadratic mapping on X,
i.e., it verifies the following equation [26]:

f ðxþ y; zþ wÞ þ f ðxþ y; z� wÞ
¼ 2ðf ðx; zÞ þ f ðy;wÞ þ f ðx;wÞ þ f ðy; zÞÞ; 8x; y; z;w2X:

ð2:2Þ
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For � ¼ 2, a solution F: Z ! Y is called a Bi Q-type mapping. If F
verifies (2.1) for X1 ¼ X2 ¼ X, then u ¼ ðx; zÞ ! f ðx; zÞ :¼ FðuÞ is a
bi-quadratic mapping, verifying the following equation [25]:

f ðxþ y; zþ wÞ þ f ðxþ y; z� wÞ þ f ðx� y; zþ wÞ þ f ðx� y; z� wÞ
¼ 4ðf ðx; zÞ þ f ðy;wÞ þ f ðx;wÞ þ f ðy; zÞÞ; 8x; y; z;w2X:

ð2:3Þ

Remark 2.1. Any solution F of ð2:1Þ has the following properties:
(i) Fð0Þ ¼ 0; F is an odd mapping for � ¼ 1 and an even map-

ping for � ¼ 2;
(ii) Fð2n � uÞ ¼ 2ð�þ2Þn � FðuÞ; 8u2Z; 8n2N;

(iii) F � S ¼ F and F � PX1
¼ F � PX2

¼ 0;
(iv) moreover, if f ðx; zÞ ¼ FðuÞ, where u ¼ ðx; zÞ, then

(iv.1) for � ¼ 1, f is additive in the first variable and quadratic
in the second variable;

(iv.2) for � ¼ 2, f is quadratic in each variable.

We also have the following

Lemma 2.1. Suppose F: Z ! Y is of the form

FðuÞ ¼ f2ðzÞf1ðxÞ; 8u ¼ ðx; zÞ2Z ¼ X1�X2;

with arbitrary nonzero mappings f1:X1 ! Y and f2:X2 ! R. Then:
(i) F is 1-quadratic if f1 is additive and f2 is quadratic;

(ii) f1 is additive if F is 1-quadratic and f2 is quadratic;
(iii) f2 is quadratic if F is 1-quadratic and f1 is additive;
(iv) F is 2-quadratic if and only if f1 and f2 are quadratic.

2.1. The Generalized Ulam-Hyers Stability

for k-Quadratic Equations

Let us consider a control mapping �: Z�Z ! ½0;1Þ such that, for
all u; v2Z;

�ðu; vÞ :¼
X1
i¼0

�ð2iu; 2ivÞ
2ð�þ2Þðiþ1Þ <1;

�
�ðu; vÞ :¼

X1
i¼1

2ð�þ2Þði�1Þ�

�
u

2i
;
v

2i

�
<1; respectively

�
ð2:4Þ

and suppose Y is a Banach space.
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Theorem 2.2. Let F: Z ! Y be such a mapping that F � PX1
þ

ð�� 1ÞF � PX2
¼ 0 and

kQ�ðFÞðu; vÞkY � �ðu; vÞ; 8u; v2Z: ð2:5Þ
Then there exists a unique �-quadratic mapping B: Z ! Y , given by

BðuÞ ¼ lim
n!1

Fð2nuÞ
2ð�þ2Þn ;

�
BðuÞ ¼ lim

n!1
2ð�þ2Þn � F

�
u

2n

��
; 8u2Z;

for which

kFðuÞ � BðuÞkY � �ðu; uÞ; 8u2Z: ð2:6Þ
Proof. We shall use the Hyers’ direct method. Letting u ¼ v in (2.5),
we obtain ����Fð2uÞ2�þ2

� FðuÞ
����
Y

� �ðu; uÞ
2�þ2

; 8u2Z:

In the next step, as usual, one shows that����Fð2
puÞ

2ð�þ2Þp �
Fð2muÞ
2ð�þ2Þm

����
Y

�
Xm�1

i¼p

�ð2iu; 2iuÞ
2ð�þ2Þðiþ1Þ ; 8u2Z; ð2:7Þ

for given integers p;m, with 0 � p<m: Using (2.4) and (2.7),
fFð2nuÞ=2ð�þ2Þngn�0 is a Cauchy sequence for any u2Z. Since Y is
complete, we can define the mapping B:Z ! Y ,

BðuÞ ¼ lim
n!1

Fð2nuÞ
2ð�þ2Þn ; 8u2Z: ð2:8Þ

By using (2.7) for p ¼ 0 and m ! 1 we obtain the estimation (2.6).
By (2.5), we have����Fð2

nðuþvÞÞ
2ð�þ2Þn þFð2nðuþSðvÞÞÞ

2ð�þ2Þn

þð��1Þ
�
Fð2nðu�vÞÞ

2ð�þ2Þn þFð2nðu�SðvÞÞÞ
2ð�þ2Þn

�

�2�
�
Fð2nðuÞÞ
2ð�þ2Þn þFð2nðvÞÞ

2ð�þ2Þn þ 1

2ð�þ2Þn F

�
2n

�
uþSðuÞþv�SðvÞ

2

��

þ 1

2ð�þ2Þn F

�
2n

�
u�SðuÞþvþSðvÞ

2

�������
Y

��ð2nu;2nvÞ
2ð�þ2Þn ;

for all u; v2Z: Using (2.4), (2.8) and letting n ! 1, we immediately
see that B is a �-quadratic mapping.
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Let B1 be a �-quadratic mapping which satisfies (2.6). Then

kBðuÞ � B1ðuÞkY �
����Bð2

nuÞ
2ð�þ2Þn �

Fð2nuÞ
2ð�þ2Þn

����
Y

þ
����Fð2

nuÞ
2ð�þ2Þn �

B1ð2nuÞ
2ð�þ2Þn

����
Y

� 2 �
X1
k¼n

�ð2ku; 2kuÞ
2ð�þ2Þðkþ1Þ �! 0; for n ! 1:

Hence the uniqueness claim for B holds true. &

Let us consider a mapping ’:X�X�X�X ! ½0;1Þ such that
8x; y; z;w2X,

 ðx; z; y;wÞ :¼
X1
i¼0

’ð2ix; 2iz; 2iy; 2iwÞ
2ð�þ2Þðiþ1Þ <1;

�
 ðx; z;y;wÞ :¼

X1
i¼1

2ð�þ2Þði�1Þ’

�
x

2i
;
y

2i
;
z

2i
;
w

2i

�
<1; respectively

�
:

As a direct consequence of Theorem 2.2, for � ¼ 1=� ¼ 2, we obtain:

Corollary 2.3. Suppose that X is a real linear space, Y is a real
Banach space and let f :X�X ! Y be a mapping such that

k f ðxþ y; zþ wÞ þ f ðxþ y; z� wÞ þ ð�� 1Þðf ðx� y; zþ wÞ
þ f ðx� y; z� wÞÞ � 2�ðf ðx; zÞ þ f ðy;wÞ þ f ðx;wÞ þ f ðy; zÞÞkY

� ’ðx; z; y;wÞ;
and let f ðx; 0Þ þ ð�� 1Þ � f ð0; zÞ ¼ 0, for all x; y; z;w2X. Then
there exists a unique additive-quadratic/bi-quadratic mapping
b:X�X ! Y , given by

bðx; zÞ ¼ lim
n!1

f ð2nx;2nzÞ
2ð�þ2Þn ;

�
bðx; zÞ ¼ lim

n!1
2ð�þ2Þn � f

�
x

2n
;
z

2n

��
;

8x; z2X;

such that

k f ðx; zÞ � bðx; zÞkY �  ðx; z; x; zÞ; 8x; z2X: ð2:9Þ

Proof. Let us consider X1 ¼ X2 ¼ X, u; v2X�X, u ¼ ðx; zÞ, v ¼
ðy;wÞ, FðuÞ ¼ f ðx; zÞ, and �ðu; vÞ ¼ ’ðx; z; y;wÞ: Since �ðu; vÞ ¼
 ðx; z; y;wÞ<1, then we can apply Theorem 2.2. Clearly, the
mapping b, defined by bðx; zÞ ¼ BðuÞ is additive-quadratic/bi-
quadratic and verifies (2.6). &
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For � ¼ 1 in the above Corollary, we obtain the stability result in
([26], Theorem 7) and, for � ¼ 2, that in ([25], Theorem 7).

2.2. Stability Results of Aoki-Rassias Type

For particular forms of the mapping � in (2.4), we can obtain in-
teresting consequences. We identify stability properties with un-
bounded control conditions invoking sums (AOKI [1]) and products
(RASSIAS [28–30]) of powers of norms.

Let X1, X2 and Y be real linear spaces. Suppose that Z :¼ X1�X2 is
endowed with a norm kukZ and that Y is a real Banach space.

Corollary 2.4. Let F: Z ! Y be a mapping such that

kQ�ðFÞðu; vÞkY � "ðkukpZ þ kvkqZÞ; 8u; v2Z;

where p; q2½0; �þ 2Þ or p; q2ð�þ 2;1Þ and " � 0 are fixed. If
F � PX1

¼ 0 and ð�� 1ÞF � PX2
¼ 0, then there exists a unique

�-quadratic mapping B: Z ! Y , such that

kFðuÞ � BðuÞkY � "

j2�þ2 � 2pj � kuk
p
Z þ

"

j2�þ2 � 2qj � kuk
q
Z ; 8u2Z:

Proof. Consider the mapping �: Z�Z ! ½0;1Þ, �ðu; vÞ ¼
"ðkukpZ þ kvkqZÞ, where p; q2½0; �þ 2Þ or p; q2ð�þ 2;1Þ and
" � 0. Then (see (2.4)),

�ðu; vÞ ¼ " � kukpZ
j2�þ2 � 2pj þ " � kvkqZ

j2�þ2 � 2qj <1; 8u; v2Z;

and the conclusion follows directly from Theorem 2.2. &

Now, suppose that X1 ¼ X2 ¼ X, where X is a real normed space,
and consider the function X�X 3 u ¼ ðx; zÞ ! FðuÞ ¼ f ðx; zÞ, where
f is mapping X�X into the real Banach space Y . Although the
functions of the form u ! kuk :¼ ðkxkr þ kzksÞ1=t

may not be norms,
the above proofs work as well, and we obtain the following stability
properties for �-quadratic equations:

Corollary 2.5. Let f :X�X ! Y be a mapping such that

k f ðxþ y; zþ wÞ þ f ðxþ y; z� wÞ þ ð�� 1Þðf ðx� y; zþ wÞ
þ f ðx� y; z� wÞÞ � 2�ðf ðx; zÞ þ f ðy;wÞ þ f ðx;wÞ þ f ðy; zÞÞkY

� "ðkxkpX þ kykpX þ kzkqX þ kwkqXÞ;
for all x; y; z;w2X and for some fixed "; p; q, with p; q2½0; 2 þ �Þ or
p; q2ð�þ 2;1Þ and " � 0. If f ðx; 0Þ ¼ 0 and ð�� 1Þ f ð0; yÞ ¼ 0,
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for all x; y2X, then there exists a unique additive-quadratic/bi-
quadratic mapping b:X�X ! Y , such that

k f ðx;zÞ�bðx;zÞkY �
2"

j2�þ2�2pj � kxk
p
Xþ

2"

j2�þ2�2qj � kzk
q
X; 8x;z2X

for all x; z2X.

Furthermore, by using the means inequality or directly, two in-
teresting results of RASSIAS type can be obtained for products:

Corollary 2.6. Let F: Z ! Y be a mapping such that

kQ�ðFÞðu; vÞkY � " � kukpZ � kvk
q
Z ; 8u; v2Z;

where "; p; q � 0 are fixed and pþ q 6¼ �þ 2. If F � PX1
¼ 0 and

ð�� 1ÞF � PX2
¼ 0, then there exists a unique �-quadratic mapping

B:Z ! Y , such that

kFðuÞ � BðuÞkY � "

j2�þ2 � 2pþqj � kuk
pþq
Z ; 8u2Z:

Proof. Consider the mapping �: Z�Z ! ½0;1Þ; �ðu; vÞ ¼
" � kukpZ � kvk

q
Z , where "; p; q � 0 are fixed and pþ q 6¼ �þ 2. Then

(see (2.4))

�ðu; vÞ ¼ " � kukpZ � kvk
q
Z

j2�þ2 � 2pþqj <1; 8u; v2Z;

so that we can apply Theorem 2.2. &

Corollary 2.7. Let f :X�X ! Y be a mapping such that

k f ðxþ y; zþ wÞ þ f ðxþ y; z� wÞ þ ð�� 1Þðf ðx� y; zþ wÞ
þ f ðx� y; z� wÞÞ � 2�ðf ðx; zÞ þ f ðy;wÞ þ f ðx;wÞ þ f ðy; zÞÞkY

� " � ðkxkpX þ kzkpXÞ � ðkyk
q
X þ kwkqXÞ;

for all x; y; z;w2X and for some fixed "; p; q � 0, with pþ q 6¼ �þ 2.
If f ðx; 0Þ ¼ 0 and ð�� 1Þf ð0; yÞ ¼ 0, for all x2X, then there exists
a unique additive-quadratic/bi-quadratic mapping b:X�X ! Y ,
such that

k f ðx; zÞ � bðx; zÞkY � "

j2�þ2 � 2pþqj �ðkxk
p
X þ kzkpXÞ � ðkxk

q
X þ kzkqXÞ;

8x; z2X:
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2.3. Applications to Additive Equations
and to Quadratic Equations

A function h:X ! Y , between linear spaces, is called a mapping of
�-order, �2f1; 2g, if it satisfies the following equation:

hðxþyÞþð��1Þhðx�yÞ¼ 2��1ðhðxÞþhðyÞÞ; 8x;y2X: ð2:10Þ�
Obviously, a mapping of 1-order is an additive mapping and a map-
ping of 2-order is a quadratic mapping.

For the sake of convenience, we recall the following generalized
Ulam-Hyers stability properties of the additive and quadratic func-
tional equations. Let X be a real normed vector space, Y a real
Banach space and �’’:X�X ! ½0;1Þ a given mapping.

A1 ([16], Theorem; see also [12]): If �’’ verifies the condition

���1ðx; yÞ :¼
X1
i¼0

�’’ð2ix; 2iyÞ
2iþ1

<1; for all x; y2X ð2:11Þ1

and the mapping �ff :X ! Y satisfies the relation

k�ff ðxþ yÞ� �ff ðxÞ� �ff ðyÞkY � �’’ðx;yÞ; for all x;y2X; ð2:12Þ1

then there exists a unique additive mapping �aa1:X ! Y which satisfies
the inequality

k�ff ðxÞ � �aa1ðxÞkY � ���1ðx; xÞ; for all x2X: ð2:13Þ1

A2 ([22], Theorem 2.2): If �’’ verifies the condition

���2ðx; yÞ :¼
X1
i¼0

�’’ð2ix; 2iyÞ
22ðiþ1Þ <1; for all x; y2X ð2:11Þ2

and the mapping �ff : X ! Y , with �ff ð0Þ ¼ 0, satisfies the relation

k�ff ðxþ yÞ þ �ff ðx� yÞ � 2�ff ðxÞ � 2�ff ðyÞkY � �’’ðx; yÞ;
for all x; y2X; ð2:12Þ2

then there exists a unique quadratic mapping �aa2:X ! Y which sat-
isfies the inequality

k�ff ðxÞ � �aa2ðxÞkY � ���2ðx; xÞ; for all x2X: ð2:13Þ2

As a matter of fact, we can show that the above results are con-
sequences of our Theorem 2.2. Namely, we have
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Application 1. The stability of Eq. ð2:1Þ implies the generalized
Ulam-Hyers stability of the �-order equation ð2:10Þ�.

Indeed, let X;Y ; �’’:X�X ! ½0;1Þ and �ff :X ! Y be as in A�,
�2f1; 2g. We take X1 ¼ X and consider a linear space X2 such that
there exist a quadratic function �hh:X2 ! R, with �hhð0Þ ¼ 0 and an
element z0 2X2, such that �hhðz0Þ 6¼ 0. (In inner product spaces such a
function is, e.g., z ! kzk2

.) If we set, for u ¼ ðx; zÞ; v ¼ ðy;wÞ2
X�X2,

�ðu; vÞ ¼ �ðx; z; y;wÞ ¼ 2j�hhðzÞ þ �hhðwÞj � �’’ðx; yÞ
and

FðuÞ ¼ Fðx; zÞ ¼ �hhðzÞ � �ff ðxÞ;
then, by using the properties of the quadratic mapping and the re-
lations ð2:11Þ�, for �2f1; 2g, we easily get

�ðu; vÞ ¼ 1

2
j�hhðzÞ þ �hhðwÞj

X1
i¼0

�’’ð2ix; 2iyÞ
2�ðiþ1Þ <1;

for all u; v2X�X2: At the same time, by ð2:12Þ�,
kQ�ðFÞðu; vÞkY ¼ 2j�hhðzÞ þ �hhðwÞj � k�ff ðxþ yÞ þ ð�� 1Þ�ff ðx� yÞ

� 2��1ð�ff ðxÞ þ �ff ðyÞÞkY � 2j�hhðzÞ þ �hhðwÞj � �’’ðx; yÞ
¼ �ðu; vÞ; 8u; v2X�X2:

Therefore, by Theorem 2.2, there exists a unique mapping of
�-quadratic type, B:X�X2 ! Y , such that kFðuÞ � BðuÞkY � �ðu; uÞ
and

BðuÞ ¼ lim
n!1

Fð2nuÞ
2nð�þ2Þ ¼ lim

n!1

�hhð2nzÞ
22n

�
�ff ð2nxÞ

2�n
¼ lim

n!1
�hhðzÞ �

�ff ð2nxÞ
2�n

;

8u ¼ ðx; zÞ2X�X2:

We know that �hhðz0Þ 6¼ 0: Therefore the limit

�aa�ðxÞ :¼ lim
n!1

�ff ð2nxÞ
2�n

exists for every x2X and, moreover, BðuÞ ¼ �hhðzÞ � �aa�ðxÞ;8u ¼
ðx; zÞ2Z: Since k�hhðzÞ�ff ðxÞ � BðuÞkY � �hhðzÞ � ����ðx; xÞ; 8u ¼ ðx; zÞ2
X�X2, then the estimation ð2:13Þ� is easily seen to hold.

By Lemma 2.1, �aa1 is additive and �aa2 is quadratic. If a mapping of
�-order �cc� satisfies ð2:13Þ�, then ðx; zÞ ! �hhðzÞ�cc�ðxÞ is of �-quadratic
type (again by Lemma 2.1) and has to coincide with B, that is
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�hhðzÞ�aa�ðxÞ ¼ �hhðzÞ�cc�ðxÞ, for all u ¼ ðx; zÞ2X�X2. Since �hh is nonzero,
then �aa�ðxÞ ¼ �cc�ðxÞ, for all x2X: Hence �aa� is unique.

Remark 2.2. As in the proof of Application 1 for an additive function
�hh:X2 ! R, we can also show, by using Theorem 2.2, that the stability
of Eq. (2.1) for � ¼ 1 implies the generalized Ulam-Hyers stability of
the quadratic equation ð2:10Þ2.

As very particular cases, we obtain the results in AOKI [1] and
RASSIAS [28] for additive equations:

Application 2. Let �ff :X ! Y be a mapping such that

k�ff ðxþ yÞ � �ff ðxÞ � �ff ðyÞkY � "ðkxkpX þ kykpXÞ; for all x; y2X;

and for any fixed "; p � 0, with p 6¼ 1. If �ff ð0Þ ¼ 0; then there exists a
unique additive mapping �aa1:X ! Y which satisfies the estimation

k�ff ðxÞ � �aa1ðxÞkY � 2"

j2 � 2pj � kxk
p
X; for all x2X:

Indeed, let �hh:R ! R; �hhðzÞ ¼ z2 and �ff :X ! Y; where X is a normed
space and Y a Banach space. We apply Theorem 2.2 for � ¼ 1,
X1 ¼ X, X2 ¼ R, u; v2X�R, with u ¼ ðx; zÞ, v ¼ ðy;wÞ and the
mappings

FðuÞ ¼ Fðx; zÞ ¼ z2 � �ff ðxÞ;
�ðu; vÞ ¼ �ðx; z; y;wÞ ¼ 2ðz2 þ w2Þ � "ðkxkpX þ kykpXÞ;

to obtain the existence of a unique additive mapping �aa1 and the re-
quired estimation.

Application 3. Let �ff :X ! Y be a mapping such that

k�ff ðxþ yÞ � �ff ðxÞ � �ff ðyÞkY � �
�
kxkp=2

X � kykp=2
X Þ; for all x; y2X;

and for any fixed �; p � 0, with p<1. If �ff ð0Þ ¼ 0; then there exists a
unique additive mapping �aa1:X ! Y which satisfies the estimation

k�ff ðxÞ � �aa1ðxÞkY � �

2 � 2p
� kxkpX; for all x2X:

Indeed, one can use either the mappings

FðuÞ ¼ Fðx; zÞ ¼ z2 � �ff ðxÞ;
and

�ðu; vÞ ¼ �ðx; z; y;wÞ ¼ 2ðz2 þ w2Þ � � � kxkp=2
X � kykp=2

X ;
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or the means inequality:

�
�
kxkp=2

X � kykp=2
X

�
� �

2
ðkxkpX þ kykpXÞ

in the preceding corollary.

In particular, we obtain also a stability property of AOKI type for
quadratic equations ([9]):

Application 4. Let �ff be a mapping from a real linear space X into a
real Banach space Y , such that

k�ff ðzþ wÞ þ �ff ðz� wÞ � 2�ff ðzÞ � 2�ff ðwÞkY � "ðkzkpX þ kwkpXÞ;
for all z;w2X;

and for some fixed "; p � 0, with p 6¼ 2. If �ff ð0Þ ¼ 0, then there exists
a unique quadratic mapping �aa2:X ! Y which satisfies the estimation

k�ff ðzÞ � �aa2ðzÞkY � 2"

j22 � 2pj � kzk
p
X; for all z2X:

For the proof, let �hh:R ! R; �hhðxÞ ¼ x. We apply Theorem 2.2 for
� ¼ 1, X1 ¼ R, X2 ¼ X, u; v2R�X, with u ¼ ðx; zÞ, v ¼ ðy;wÞ and
the mappings FðuÞ ¼ Fðx; zÞ ¼ x � �ff ðzÞ, �ðu; vÞ ¼ �ðx; z; y;wÞ ¼
jxþ yj � "ðkzkpX þ kwkpXÞ; to obtain the existence of a unique quadrat-
ic mapping �aa2 and the required estimation.

Similarly, by choosing FðuÞ ¼ Fðx; zÞ ¼ x � �ff ðzÞ and �ðu; vÞ ¼
�ðx; z; y;wÞ ¼ jxþ yj � " � kzkpX � kwkqX , we obtain a stability of
RASSIAS type [30]:

Application 5. Let �ff be a mapping from a real linear space X into a
real Banach space Y such that �ff ð0Þ ¼ 0 and

k�ff ðzþwÞþ �ff ðz�wÞ�2�ff ðzÞ�2�ff ðwÞkY � " � kzk
p
X � kwk

q
X; 8z;w2X;

for some fixed "; p; q � 0, with pþ q 6¼ 2. Then there exists a unique
quadratic mapping �aa2:X ! Y which satisfies the estimation

k�ff ðzÞ � �aa2ðzÞkY � "

j22 � 2pþqj � kzk
pþq
X ; 8z2X:

3. A Second Stability Result by the Fixed Point Method

We will show that Corollary 2.4 and Corollary 2.6 can be essentially
extended by using a fixed point method. The method is seen plainly
related to some fixed point of a concrete operator. Specifically, our
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control conditions are perceived to be responsible for three fun-
damental facts: Actually, they ensure

1) the contraction property of a Schröder type operator J and
2) the first two successive approximations, f and Jf , to be at a

finite distance.

And, moreover, they force

3) the fixed point function of J to be a solution of the initial
equation.

Firstly, we prove an auxiliary result of stability for the following
equation in a single variable

w � g � � ¼ g:

Let us consider a Lipschitzian function w: Y ! Y , with the Lipschitz
constant Lw, and the mappings f :G ! Y , �:G ! G, where G is a
nonempty set and Y is a Banach space.

Lemma 3.1. Suppose that the mapping f satisfies an inequality of the
form

kðw � f � �ÞðxÞ � f ðxÞkY �  ðxÞ; 8x2G; ðC Þ
where  :G ! ½0;1Þ. If there exists L<1 such that the mapping  
has the property

Lw � ð � �ÞðxÞ � L ðxÞ; 8x2G; ðH Þ
then there exists a unique mapping c:G ! Y ,

cðxÞ :¼ lim
n!1

ðwn � c � �nÞðxÞ; 8x2G;

which satisfies the equation

ðw � c � �ÞðxÞ ¼ cðxÞ; 8x2G

and the inequality

k f ðxÞ � cðxÞkY �  ðxÞ
1 � L

; 8x2G: ðEst Þ

Proof. Let us consider the set E :¼ fg:G ! Yg and introduce a
complete generalized metric on E (as usual, inf ; ¼ 1):

dðg; hÞ ¼ d ðg; hÞ ¼ inffK 2Rþ; kgðxÞ � hðxÞkY � K ðxÞ;8x2Gg:
ðGM Þ

Now, define the mapping

J: E ! E; JgðxÞ :¼ ðw � g � �ÞðxÞ: ðOPÞ
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Step I. By using the hypothesis ðH Þ, we show that J is strictly
contractive on E.

We can write, for any g; h2E:
dðg; hÞ<K¼)kgðxÞ � hðxÞkY � K ðxÞ; 8x2G:

On the other hand,

kJgðxÞ � JhðxÞkY ¼ kwðgð�ðxÞÞÞ � wðhð�ðxÞÞÞkY
� Lw � kgð�ðxÞÞ � hð�ðxÞÞkY � Lw � K �  ð�ðxÞÞ
� K � L �  ðxÞ; 8x2G¼) dðJg; JhÞ � LK:

Therefore, we see that

dðJg; JhÞ � Ldðg; hÞ; 8g; h2E; ðCCLÞ
that is J is a strictly contractive self-mapping of E, with the constant
L<1.

Step II. Obviously, dð f ; Jf Þ<1:

In fact, by using the relation ðC Þ, it results that dð f ; Jf Þ<1:

Step III. We can apply the fixed point alternative (see, e.g., [5]), and
we obtain the existence of a mapping c:G ! Y such that:

— c is a fixed point of J, that is

ðw � c � �ÞðxÞ ¼ cðxÞ; 8x2G: ð3:1Þ
The mapping c is the unique fixed point of J in the set

F ¼ fg2E; dð f ; gÞ<1g:
This says that c is the unique mapping with both the properties
(3.1) and (3.2), where

9K 2ð0;1Þ such that kcðxÞ� f ðxÞkY �K ðxÞ; 8x2G: ð3:2Þ
— dðJnf ; cÞ �!

n!1
0, which implies the equality

cðxÞ :¼ lim
n!1

ðwn � c � �nÞðxÞ; 8x2G: ð3:3Þ

— dð f ; cÞ � 1

1 � L
dð f ; Jf Þ, which implies the inequality

dð f ; cÞ � 1

1 � L
;

that is ðEst Þ is seen to be true. &

Let X1;X2 be linear spaces, Z :¼ X1�X2; Y a Banach space, and
consider an arbitrary mapping �: Z�Z ! ½0;1Þ.
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Theorem 3.2. Let F:Z ! Y be such a mapping for which F � PX1
þ

ð�� 1ÞF � PX2
¼ 0 and suppose that

kQ�ðFÞðu; vÞkY � �ðu; vÞ; 8u; v2Z: ð2:5Þ
If there exists L<1 such that the mapping

u ! �ðuÞ ¼ �

�
u

2
;
u

2

�

verifies the condition

�ðuÞ � L � 2�þ2 � �
�
u

2

�
; 8u2Z; ðH�Þ

and the mapping � has the property

lim
n!1

�ð2nu; 2nvÞ
2ð�þ2Þn ¼ 0; 8u; v2Z; ðH�

�Þ

then there exists a unique �-quadratic mapping B:Z ! Y , such that

kFðuÞ � BðuÞkY � L

1 � L
�ðuÞ; 8u2Z: ðEstÞ

Proof. If we set u ¼ v in the relation (2.5), then we see that

kFð2uÞ � 2�þ2FðuÞkY � �ð2uÞ; 8u2Z:

Hence ����Fð2uÞ2�þ2
� FðuÞ

����
Y

� �ð2uÞ
2�þ2

; 8u2Z: ð3:4Þ

Now we can apply Lemma 3.1, with w; �:Z ! Y ,  : Z ! ½0;1Þ,

wðuÞ :¼ u

2�þ2
; �ðuÞ :¼ 2u;  ðuÞ :¼ �ð2uÞ

2�þ2
:

Clearly, Lw ¼ 1=2�þ2 and, by using (3.4) and the hypothesis ðH�Þ, we
obtain that ðC Þ and ðH Þ hold.

Then there exists a unique mapping B: Z ! Y ,

BðuÞ :¼ lim
n!1

ðwn � B � �nÞðuÞ ¼ lim
n!1

Fð2nuÞ
2ð�þ2Þn ; 8u2Z; ð3:5Þ

which satisfies the following equation

ðw � B � �ÞðuÞ ¼ BðuÞ , Bð2uÞ ¼ 2�þ2BðuÞ; 8u2Z
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and the inequality

kFðuÞ � BðuÞkY �  ðuÞ
1 � L

¼ �ð2uÞ
2�þ2

� 1

1 � L
� �ðuÞ L

1 � L
; 8u2Z:

The statement that B is a �-quadratic mapping is easily seen: If we
replace u by 2nu and v by 2nv in (2.5), then we obtain����Fð2

nðuþ vÞÞ
2ð�þ2Þn þ Fð2nðuþ SðvÞÞÞ

2ð�þ2Þn

þ ð�� 1Þ
�
Fð2nðu� vÞÞ

2ð�þ2Þn þ Fð2nðu� SðvÞÞÞ
2ð�þ2Þn

�
� 2�

�
Fð2nðuÞÞ
2ð�þ2Þn

þ Fð2nðvÞÞ
2ð�þ2Þn þ 1

2ð�þ2Þn F

�
2n
�
uþ SðuÞ þ v� SðvÞ

2

��

þ 1

2ð�þ2Þn F

�
2n

�
u� SðuÞ þ vþ SðvÞ

2

�������
Y

� �ð2nu; 2nvÞ
2ð�þ2Þn ;

for all u; v2Z: By using (3.5) and ðH�
�Þ and letting n ! 1, we see

that B satisfies ð2:1Þ. &

Example 3.1. If we apply Theorem 3.2 with the mappings �: Z�Z !
½0;1Þ given by ðu; vÞ ! "ðkukpZ þ kvkqZÞ and ðu; vÞ ! "kukpZ � kvk

q
Z ,

then we obtain the stability results in Corollary 2.4 and Corollary 2.6,
respectively.

As it is well known (see [15, 18, 9]), GAJDA/CZERWIK showed
that the additive/quadratic equation ð2:12Þ� is not stable for �’’ðx; yÞ
of the form "ðkxk� þ kyk�Þ, " being a given positive constant
(�2f1; 2g). In fact, it has been proved that there exists a mapping
�ff�:R ! R such that ð2:12Þ� holds with the above �’’, and there exists
no additive/quadratic mapping �aa to verify

j�ff�ðxÞ � �aa�ðxÞj � cð"Þjxj�; for all x2R:

This suggests the following

Example 3.2. Let X1 ¼ X2 ¼ Y ¼ R, with the Euclidean norm, and
�hh:R ! R a quadratic function with �hhð0Þ ¼ 0; �hhð1Þ ¼ 1. Then Eq. (2.1)
is not stable for

�ðu; vÞ ¼ �ðx; z; y;wÞ ¼ 2" � ðjxj� þ jyj�Þð�hhðzÞ þ �hhðwÞÞ: ð3:6Þ

In fact, we can show that there exists an F for which the relation (2.5)
holds and there exists no Add Q=Bi Q-type mapping B:X1�X2 ! Y
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to verify

jFðuÞ � BðuÞj � cð"Þ�hhðzÞjxj�; 8u ¼ ðx; zÞ2X1�X2: ð3:7Þ

Indeed, for FðuÞ ¼ Fðx; zÞ ¼ �hhðzÞ � �ff�ðxÞ, and � as in (3.6), (2.5)
holds. Therefore

jf ðxþ yÞ þ ð�� 1Þf ðx� yÞ � 2��1ðf ðxÞ þ hðyÞÞj � "ðjxj� þ jyj�Þ;
for all x; y2X1:

Let us suppose, for a contradiction, that there exists an Add Q=Bi Q-
type mapping B which verifies (3.7). By Remark 2.1, the mapping
�aa�:X1 ! Y , �aa�ðxÞ :¼ Bðx; 1Þ is a solution for ð2:10Þ�. The estimation
(3.7) gives us

j�ff�ðxÞ � �aa�ðxÞj � cð"Þjxj�; 8x2X1;

in contradiction with the above result of GAJDA/CZERWIK.
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